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l-ADIC ÉTALE COHOMOLOGY OF SHIMURA VARIETIES OF HODGE TYPE
WITH NON-TRIVIAL COEFFICIENTS
PAUL HAMACHER AND WANSU KIM
ABSTRACT. Let (G,X) be a Shimura datum of Hodge type. Let p be an odd prime
such that GQp splits after a tamely ramified extension and p ∤ |π1(G
der)|. Un-
der some mild additional assumptions that are satisfied if the associated Shimura
variety is proper and GQp is either unramified or residually split, we prove the
generalisation of Mantovan’s formula for the l-adic cohomology of the associated
Shimura variety. On the way we derive some new results about the geometry of the
Newton stratification of the reduction modulo p of the Kisin-Pappas integral model.
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INTRODUCTION
The aim of this paper is to obtain the generalisation of Mantovan’s formula for
the cohomology of Hodge-type Shimura varieties, under some mild assumptions.
To explain the motivation, it is a folklore belief that the cohomology of Shimura
varieties should decompose in terms of certain automorphic representations and
their Langlands parameters. Similarly, we expect that there should exist a local
analogue of Shimura varieties whose cohomology decomposes according to the
local Langlands and Jacquet-Langlands correspondences; cf. [RV14]. It is natural
to expect that there should be a relationship between the cohomology of Shimura
varieties and “local Shimura varieties” that encodes the local-global compatibility
of the Langlands correspondence. For compact Shimura varieties associated to PEL
Shimura datum unramified at a chosen prime p, such a cohomological formula was
obtained by Mantovan [Man04, Man05, Man11] built upon the work of Harris and
Taylor on the special case of Shimura varieties of Harris-Taylor type [HT01, IV,
Theorem 2.7].1
1Variants of such a formula were also studied in [Rap05],[Far04]. Readers are referred to the intro-
duction of [HT01] for the works prior to loc. cit.
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Let us now briefly explain the aforementioned result of Harris-Taylor and Man-
tovan. Let (G,X) be a Shimura datum associated to a PEL datum, and assume that
the associated Shimura variety is compact. We choose a prime p of the Shimura
field E over a prime p where G is unramified. Then Mantovan’s formula (for the
constant coefficients) expresses the alternating sum the “infinite-level” Shimura
variety
∑
i(−1)iHi(Sh(G,X),Ql), as a virtual representation of G(Af ) × WEp , in
terms of the compactly supported cohomology of the following spaces
(1) rigid analytic towers associated to PEL Rapoport-Zink spaces, playing the
role of “local Shimura varieties”;
(2) Igusa towers, which is a tower of smooth varieties in characteristic p.
The cohomology of (the rigid analytic towers of) PEL Rapoport-Zink spaces car-
ries purely local information, while the cohomology of Igusa towers carries global
information. Mantovan’s formula, which will be precisely stated later on, expresses
the cohomology of Shimura varieties in a way that nicely separates the purely local
contribution from the remaining global information.
One of the key ingredients of the proof is the study of the geometry of the New-
ton stratification of the mod p reduction of Shimura varieties with hyperspecial2
level at p; namely, the product of Igusa tower and the underlying reduced subs-
cheme of PEL Rapoport-Zink spaces forms a nice “pro-étale cover up to perfection”.
This property is often called the almost product structure of Newton strata.
Note that in the PEL case Mantovan’s formula can be generalised for non-constant
automorphic étale sheaves, instead of constant sheaf Ql; cf. [Man11]. Also we may
drop the compactness assumption and allow non-compact PEL Shimura varieties;
cf. [LS18a, §6]. Indeed, compactness was assumed so that the nearby cycles spec-
tral sequence should hold for the integral models of Shimura varieties, but it was
proved in loc. cit. that the nearby cycles spectral sequence holds if the integral
models have “good compactifications”.
Recently, basic definitions and results on mixed characteristic PEL Shimura vari-
eties have been generalised for Hodge-type Shimura varieties; for example, integral
canonical models at hyperspecial level at p were constructed [Kis10, KMP16], and
they were shown to have good compactifications [MP12]. Furthermore, Kottwitz’
description of mod p points of PEL Shimura varieties with hyperspecial level at p can
be generalised to Hodge-type Shimura varieties [Kis17]. Also the local analogue of
Hodge-type Shimura varieties (or Hodge-type generalisation of PEL Rapoport-Zink
spaces) was obtained in [Kim18b] in the unramified case (or alternatively, [HP17]),
and we also have the almost product structure of the Newton strata in Hodge-type
Shimura varieties with hyperspecial level at p [Ham16].
Kisin and Pappas have constructed integral models of Hodge-type Shimura vari-
eties with parahoric3 level structure at p > 2, if GQp splits after some tamely
ramified extension of Qp. It is natural, therefore, to ask whether one can prove
Mantovan’s formula whenever the Shimura variety admits a Kisin-Pappas integral
model.
In this paper, we use the following setup. We fix a Shimura datum of Hodge type
(G,X). We denote by {µ} the conjugacy class of cocharacters defined by X, and let E
be its field of definition. Let p be a rational prime and p|p a prime of E. Assume that
GQp splits over a tamely ramified extension and denote byS a Kisin-Pappas integral
2This is where we use the assumption that G is unramified at p.
3Instead of parahoric level structure, we will work with the “Bruhat-Tits level structure” for technical
reasons; in other words, the level at p is given by the full stabiliser in G(Qp) of some facet in the Bruhat-
Tits building, not necessarily by the connected stabilsier (which is a parahoric group). Note that integral
models with the “Bruhat-Tits level structure” is obtained as the normalisation of the closure of the
generic fibre in some Siegel modular variety.
3model of ShK(G,X) over the ring of integers OE of p-adic completion E of E. In
particular we assume K = KpKp and Kp ⊂ G(Qp) is assumed to be a stabiliser of
some facet in the Bruhat-Tits building. We denote by Gx the associated Bruhat-Tits
integral model of G. By construction, S comes with a finite morphism ρ : S → S ′
into some Siegel moduli space and thus with a principally polarised abelian variety
AG → S . In order to prove Mantovan’s formula for Sh(G,X), we assume that the
following assertions hold (see § 4.2 or § 6.2 for the precise formulations.)
Axiom A. Let b ∈ B(GQp , µ) such that the Newton stratum in the special fibre S¯
of S is nonempty. The Rapoport-Zink uniformisation map Θ′ : Mρ(b) → S ′ has a
unique lift on Fp-points
f : Xµ(b)Kp(Fp)→ S (Fp)
such that for any P ∈ Xµ(b)Kp(Fp) the isomorphism of AG,f(P )[p∞] with the prin-
cipally polarised Barsotti-Tate group associated to P respects the canonical crystal-
line Tate tensors on both sides.
Axiom B. Let K = KpKp be as above, and let Shm denote the Shimura variety
with the same prime-to-p level Kp and “full level pm structure” (in the sense of
subsection 6.1). Denote by Sm the normalisation of S in Shm, and by S¯m its
special fibre. Then for any automorphic étale sheaf Lξ, the canonical morphism
Hic(S¯m,RΨLξ)→ Hic(Shm,Lξ)
is an isomorphism.
While not yet proven in full generality, it is reasonable to expect that these as-
sertions will be proven in the near future.
Axiom A was proven in the case of hyperspecial level structure by Kisin in [Kis17,
Thm. 1.4.4], and in the case when GQp is residually split (for any parahoric level
structure at p) by R. Zhou [Zho, Prop. 6.7]. Axiom B was proven by Lan and
Stroh under the assumption that a “good compactification” for Sm exist in [LS18a,
Cor. 5.20]. Following the reasoning of the proof of Mantovan’s formula for PEL
Shimura varieties in their paper, we see that it suffices to prove the isomorphy
(respectively, the existence of good compatifications) for the more standard choice
of the integral model given by the relative normalisation of the integral model of
the Shimura variety with parahoric level structure (instead of the integral models
constructed via Drinfeld level structure as in Mantovan’s papers [Man04, Man05]).
This was done in the PEL case in [Lan16] (see also [LS18a, Prop. 2.2]).
To obtain Mantovan’s formula in the tamely ramified Hodge-type case, we need
to define Rapoport-Zink spaces and Igusa varieties in this generality, and show that
the Newton strata, defined by Kisin and Pappas on Fp-points, are locally closed.
For any of these constructions some sort of global “crystalline” tensors on AG,F¯p
are needed which coincide with the tensors constructed by Kisin and Pappas when
restricted to formal neighbourhoods of closed points. While we do not constructed
tensors on the crystal of AG, we prove the following result
Proposition 1 (cf. Prop. 3.3.1). Assume that p > 2. Let Ŝ denote the p-adic com-
pletion of S ⊗OE OE˘ . Then there exists a family of Ψ-invariant tensors (tα) in
P (AG[p
∞]
Ŝ
)⊗, where P (·) denotes the “display”4 associated to a Barsotti-Tate group,
such that for every z ∈ S (F¯p) the restriction of tα to the formal neighbourhood of z
coincides with the tensors constructed by Kisin and Pappas.
4“Displays” over (not necessarily affine) p-adic formal schemes are described right above the state-
ment of Prop. 3.3.1.
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Using this proposition, we deduce that for any b ∈ B(G, {µ}) the Newton stratum
S¯ b ⊂ S¯ is locally closed and thus can be considered as subvariety. Moreover,
using Proposition 1 and Axiom A, we can construct (perfected) Igusa varieties
and Rapoport-Zink spaces of Hodge type as closed subspaces of the correspond-
ing spaces in the Siegel case. To explain, let b ∈ B(G, {µ}) and b′ := ρ(b) ∈
B(GSpn, ρ(µ)). Choosing a (nice enough) base point in S¯
b, we obtain a princip-
ally polarised Barsotti-Tate group X equipped with crystalline Tate-tensors. Then
we have formal schemes Igb
′
and Mb
′
over the Siegel modular variety S ′, where
Igb
′
parametrises polarised isomorphisms of AG,F¯p [p
∞] with X, and Mb
′
paramet-
rises polarised quasi-isogenies of AG,F¯p [p
∞] with X.
As key geometric input for our proof of Mantovan’s formula, we prove the fol-
lowing version of the almost product structure of Newton strata S¯ b ⊂ S¯ of Hodge-
type Shimura varieties.
Theorem 2 (cf. §§ 4.3, §§ 5.1, Prop. 5.2.6). We continue to assume that p > 2
and that Axiom A holds. Then for any b ∈ B(G, {µ}) and a suitable base point in
S¯ b, there exist closed formal subschemes Igb ⊂ Igb′ and Mb ⊂Mb′ , defined by some
natural conditions involving the tensors obtained in Proposition 1.
Furthermore, the almost product structure Mb
′ × Igb′ → S ′ lifts uniquely to a
morphism Mb × Igb → S , which defines a proétale Jb(Qp)-torsor “up to perfection”
over the Newton stratum S¯ b. Due to the uniqueness of the lifting, it is moreover
invariant under the Hecke correspondences and Weil group action.
Unsurprisingly, the construction of Igb and Mb, as well as the proof of almost
product structure of Newton strata, is analogous to the unramified Hodge-type
case using Axiom A as an input (cf. [Ham16], [HP17]). Another input for almost
product structure in the tamely ramified case is the deformation-theoretic analogue
of almost product structure obtained in [Kim18a].
In order to formulate the main result, we need one further ingredient. Let
Mb := (Mb)ad
E˘
the adic generic fibre. As in the case of Rapoport-Zink spaces with
hyperspecial level strucure we get a Galois tower (MbK)K⊂Kp over Mb. For a cer-
tain final system (Mbm) we construct auxilliary integral models Mbm and define
Mantovan’s functor
Mantb,µ(−) :=
2d∑
i=0
(−1)i lim−→
m
Ext−2d+iJb(Qp)(RΓc(Mbm,Ql),−)(−d),
from the Grothendieck group of smooth Jb(Qp)-representations over Ql to the
Grothendieck group of smooth representations of G(Af )×WE over Ql.
Theorem 3 (cf. Cor. 6.2.10). Assume there exists at least one Kisin-Pappas integral
model for (G,X) such that Axiom A and Axiom B hold. Then for any l-adic auto-
morphic sheaf Lξ we have the following equality of virtual smooth representations of
G(Af )×WE over Ql:∑
i
(−1)i lim−→
K⊂G(Af )
Hic(ShK(G,X)E˘ ,Lξ)
=
∑
b∈B(G,{µ})
∑
j
(−1)j Mantb,µ( lim−→
Kp⊂G(Ap
f
)
Hjc(I¯g
b
Kp
,Lξ)),
where I¯gb
Kp
denotes the underlying reduced subscheme of Igb.
Let us outline the structure of the paper. In the first two chapters we give back-
ground on Mieda’s duality theorem and the Kisin-Pappas integral model, respect-
ively. Then we discuss the display tensors over the p-adic completion of AG; as a
5result we obtain the Newton stratification of the special fibre in the third chapter.
In the fourth and fifth chapter we lay the geometric foundation of Mantovan’s for-
mula. First, we construct Rapoport-Zink spaces of Hodge type with Bruhat-Tits level
structure by generalising the construction of Howard and Pappas. Then we define
Igusa varieties and prove the almost product structure of Newton strata in the spe-
cial fibre of Shimura varieties. Finally, in the sixth section we prove Mantovan’s
formula in the Hodge-type case, which is our main result.
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1. REVIEW OF COMPACTLY SUPPORTED COHOMOLOGY AND MIEDA’S DUALITY
THEOREM
In this section, we review some basic definitions and recall Mieda’s duality the-
orem (Theorem 1.4.7), following [Mie14b].
Throughout this paper, we always work with torsion étale sheaves with torsion
order invertible on the base scheme, and Zl- and Ql- sheaves with l invertible on
the base scheme. For étale sheaves on adic spaces, we additionally assume that the
torsion order and l are not divisible by the residue characteristic.
1.1. Review of the compactly supported cohomology for schemes. The theory
of compactly supported cohomology for partially proper analytic adic spaces was
developed in [Hub96, §5.3]. Mieda [Mie14b, §3.1] observed that the definition
of partially proper rigid varieties (via Huber’s theory of adic spaces; cf. [Hub96,
Definition 1.3.3]) can be adapted to schemes, and one can analogously develop
the theory of compactly supported cohomology. We recall the definition and basic
properties.
Definition 1.1.1 ([Mie14b, Definition 3.1]). A morphism f : X → Y of schemes
is called partially proper if it is locally of finite type, separated, and universally
specialising; or equivalently, f is locally of finite type and satisfies the “valuative
criterion for properness” (but not necessarily quasi-compact).
In the case when Y is the spectrum of a field κ,X is partially proper over κ if and
only if X is a locally finite union of its irreducible components, which are proper
schemes over κ; cf. [Mie14b, Corollary 3.3]. A natural example of partially proper
and non-proper κ-schemes is the underlying reduced scheme of a Rapoport-Zink
space.
For a scheme X , we let Xét denote the étale site, and X˜ét the étale topos. For
a torsion coefficient ring O, we let O-X˜ét denote the category of étale sheaves of
O-modules on X . We will always choose O to be a Z/NZ-algebra, where N is
invertible in OX .
Definition 1.1.2 (cf. [Mie14b, Definition 3.4], [Hub98, § 1]). Assume that X is
a partially proper scheme over a field κ. For F ∈ O-X˜ét, let Γc(X,F ) denote the
O-module of global sections with proper support.
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For an étale Zl-sheaf F , we let Γc(X,F ) denote the Zl-module of global sections
with proper support.5 We similarly define RΓc(X,F ) when F is an étale Ql-sheaf
or Ql-sheaf.
For an O-module F , let RΓc(X,F ) ∈ D+(Mod(O)) and Hic(X,F ) denote the
right derived functors. IfF is an l-adic sheaf, we defineRΓc(X,F ) ∈ D+(Mod(Zl))
and Hic(X,F ) analogous to [Hub98, § 1, pp. 219–220], where RΓc(X,F ) was
defined when X is a partially proper analytic adic space. We sketch the construc-
tion for the reader’s convenience. First, we embed the category of Zl-sheaves,
considered as projective systems (Fn)n∈N of Z/ln-modules, into the category of
projective systems of sheaves on the étale site of X with values in Zl-modules in-
dexed by N. Since the latter category has enough injectives, we can define derived
functors on this categories. We extend the Γc to the above category of projective
systems by defining Γc((Fn)) ⊆ lim←−Γ(Fn) as the submodule of sections (sn)n∈N
whose collective support is contained in a quasi-compact closed subset of X and
define RΓc and Hic(X,−) to be its right derived functor.
Remark 1.1.3. (1) In the case that X is proper over κ, then we have RΓc(X,F ) =
RΓ(X,F ). But if X is not quasi-compact, then RΓc(X,F ) and RΓ(X,F )
could be different, and RΓc(X,F ) behaves more nicely.
(2) Note that the “more standard” definition of RΓc(X,F ) (via compactification)
was made for a separated finite-type scheme X over κ (in particular, X has to
be quasi-compact), so it does not cover partially proper κ-schemes that are not
quasi-compact. Indeed, the two definitions are compatible in the intersecting
case (namely, when X is proper over κ).
Proposition 1.1.4. Let X be partially proper over a field κ, and F ∈ O-X˜ét.
(1) We have Hic(X,F ) ∼= lim−→Z H
i
Z(X,F ), where Z runs through quasi-compact
closed subsets of X .
(2) We have
Hic(X,F )
∼= lim−→
U
Hic(U,FU )
∼= lim−→
U
Hi(U,FU ),
where U runs through quasi-compact open subschemes of X and U is the
Zariski closure of U in X .
(3) For any filtered direct system {Fλ} with F := lim−→λ Fλ, we haveH
i
c(X,F )
∼=
lim−→λH
i
c(X,Fλ).
The properties (1) and (2) also hold if F is an étale Zl- sheaf (respectively, Ql-sheaf;
respectively, Ql-sheaf).
Proof. When F is a torsion étale sheaf, the proposition was verified in [Mie14b,
Proposition 3.5, Corollary 3.6] except lim−→U H
i
c(U,FU )
∼= lim−→U H
i(U,FU ). Note
first that since U is quasi-compact, its Zariski closure U is quasi-compact by [Mie14b,
Proposition 3.2, iii)], so we can find another quasi-compact open U ′ containing U .
Therefore, we have pushforward maps
Hic(U,FU )→ Hi(U,FU )→ HiU (X,F )→ Hic(U ′,FU ′),
which proves the isomorphism lim−→U H
i
c(U,FU )
∼= lim−→U H
i(U,FU ). The proper-
ties (1) and (2) for l-adic étale sheaves can be verified by repeating the proof of
[Mie14b, Proposition 3.5], with a small technical caveat: Since Mieda’s proof uses
5Assume that the étale Zl-sheaf F is given by an inverse system {Fn} for Fn ∈ (Z/ln)-X˜ét. Then
a section in Γ(X,F ) has proper support if its image in Γ(X,Fn) is supported in a common quasi-
compact closed subset independent of n. Therefore, Γc(X,F ) may not coincide with the inverse limit
of Γc(X,Fn) in general, as it was pointed out in [Hub98, Introduction].
7that the category O-X˜ét has enough injectives, we have to work in the category of
projective system of sheaves on the étale site of X with values in Zl-modules. 
1.2. Cohomology of partially proper adic spaces with support condition. Re-
call that a morphism of adic spaces f : X → Y is partially proper if it is locally
of +weakly finite type, separated, and universally specialising; cf. [Hub96, Defin-
ition 1.3.3]. Furthermore, there is a valuative criterion for partial properness; cf.
[Hub96, Proposition 1.3.7].
Now, let X be a partially proper adic space over (C,OC), where C is an algebra-
ically closed non-archimedean field and OC its valuation ring. We define a Zl-sheaf
on X to be a projective system of Z/lnZ-sheaves as in [Hub98, §1], and define a
Ql-sheaf in the same was as the scheme case.
Definition 1.2.1 ([Mie14b, Definition 3.13]). A support set C ofX is a set consisting
of closed subsets with the following properties:
(1) For Z,Z ′ ∈ C, we have Z ∪ Z ′ ∈ C.
(2) For Z ∈ C, any closed subset Z ′ ⊂ Z also belongs to C.
Let C be a support set of X , and let F be a torsion or l-adic étale sheaf on X .
Then we define ΓC(X ,F ) := lim−→Z∈X ΓZ(X ,F ). We let RΓC(X ,F ) denote the
derived functor of ΓC(X ,F ) as an object in a suitable derived category, and write
HiC(X ,F ) := RiΓC(X ,F ). Just as the case of partially proper schemes, we have
HiC(X ,F ) ∼= lim−→
Z∈C
HiZ(X ,F ).
Definition 1.2.2 ([Mie14b, Definition 3.14]). (1) For a set C0 of closed sub-
sets of X , the support set generated by C0 is the support set C consisting of
closed subsets of finite unions of elements in C0.
(2) For a morphism f : X ′ → X of partially proper adic spaces over (C,OC)
and for a support set C of X , we define f−1(C) to be the support set for X ′
generated by {f−1Z; Z ∈ C}.
(3) Let (X , C) and (X ′, C′) be partially proper adic spaces over (C,OC) equipped
with support sets. Then a morphism of pairs f : (X ′, C′) → (X , C) is a
morphism of adic spaces f : X ′ → X such that f−1(C) ⊆ C′. If F is torsion
étale sheaf on X , we denote by f∗ the natural morphism
f∗ : RΓC(X ,F )→ RΓC′(X ′, f∗F ).
Example 1.2.3. Let c denote the set of all quasi-compact closed subsets ofX (which
is a support set). Then we define Γc, RΓc and Hic using the support set c in place
of C. As X is assumed to be partially proper over (C,OC), RΓc defines the correct
notion of compactly supported cohomology; cf. [Hub96, §5.3]. Furthermore, any
proper morphism of partially proper adic spaces f : X ′ → X induces a morphism
of pairs f : (X ′, c) → (X , c), so one can define f∗ : RΓc(X ,F ) → RΓc(X ′, f∗F )
for any F .
Let O be a complete discrete valuation ring with separably closed residue field κ.
Let E be the fraction field of O. For any formal scheme X locally formally of finite
type over Spf O, we let Xad denote the associated adic space over Spa(O,O).6 For
any non-archimedean extension K of E, we write
(1.2.4) XadK := X
ad ×Spa(O,O) Spa(K,OK).
Note that XadK coincides with the adic space associated to the rigid generic fibre of
XOK := X×SpfO Spf OK (constructed by Berthelot).
6In [Hub96], Xad is denoted by t(X).
8 P. HAMACHER, W. KIM
The following proposition shows the relation between partially proper κ-varieties
and partially proper adic spaces over E via formal models.
Proposition 1.2.5 ([Mie14b, Proposition 3.9], [Mie14a, Proposition 4.23]). Let
X be a formal scheme which is locally formally of finite type over Spf O. If Xred is
partially proper over κ, then the rigid generic fibre XadE of X is partially proper over
Spa(E,O)
In particular, the rigid generic fibre of a Rapoport-Zink formal moduli scheme is
partially proper, as well as its natural étale covering defined via level structures.
Let C denote an algebraically closed complete extension of E = Frac(O), with
ring of integersOC ; for example, we may take C = Ê. Recall that we have a natural
morphism of locally topologically ringed spaces
(1.2.6) sp(= spX) : (X ,O+X )→ (Xad,O+Xad)→ (X,OX),
where the last arrow is the morphism final among morphisms from adic spaces
over Spa(O,O) to X; [Hub94, Proposition 4.1]. Therefore, we obtain the following
morphism of étale sites
sp(= spX) : Xét → Xét ∼= Xredét .
More explicitly, sp∗ sends Y ∈ Xredét to YadC ∈ Xét, where Y ∈ Xét is the unique lift
of Y .
Definition 1.2.7. In the above setting, we further assume that Xred is partially
proper over κ. Following [Mie14b, Definition 3.15] we let CX denote the support
set of X generated by {sp−1(Z)} where Z ⊂ Xred are quasi-compact closed subsets.
Remark 1.2.8. For a closed subset Z ⊂ Xred, sp−1(Z) is in general larger than its
interior sp−1(Z)◦. For example, if X := P1O and Z is the closed point 0 in the special
fibre, then sp−1(0) \ sp−1(0)◦ consists of a single rank-2 specialisation of the Gauss
point of the closed unit disk around 0.
Example 1.2.9. If X is locally of finite type over O (i.e., a uniformiser of O gener-
ates an ideal of definition of X), then we have c = CX.
In general, we only have c ⊂ CX, as the following example shows. Let X :=
Spf O[[t]]. Then X := XadC is an open unit disk and Xred = Specκ is proper over κ.
Clearly, the support set CX contains X = sp−1(Xred), so CX consists of all closed
subsets of X and we have RΓCX(X , •) = RΓ(X , •). Note that X is not quasi-
compact so c 6= CX. The same applies to X := Spf R where R is a complete local
noetherian flat O-algebra.
Unless c = CX, the support set CX depends on the choice of the formal model X.
In particular, RΓCX(X ,−) may not necessarily have pull back functoriality for any
morphism f : X ′ → X unless f satisfies some good property with respect to the
formal model X. Indeed, we have the following result:
Lemma 1.2.10 ([Mie14b, Lemma 3.17]). In the setting of Definition 1.2.7, let X
and X′ are formal schemes locally formally of finite type over O such that Xred and
X′red are partially proper over κ. We write X := XadC and X ′ := X′adC . Let f : X′ → X
be a morphism of finite type over O, and we let fC : X ′ → X denote the induced map
on the generic fibre.
Then we have f−1C (CX) = CX′ . In particular, if fC is an isomorphism (e.g., if f
is a finite iteration of admissible blow-ups), then we have an isomorphism of pairs
fC : (X ′, CX′) ∼−→ (X , CX).
It was observed by Mieda that the cohomology RΓCX(X ,F ) is a suitable “nearby
cycle cohomology” (cf. [Mie14b, Prop. 3.16]), which we review now.
9Definition 1.2.11. Let X = XadC , and let O be a torsion ring. For F ∈ O-X˜ét, we
define
RΨXF := Rsp∗F ∈ D+(Xred,O),
and call it a formal nearby cycle sheaf. We naturally extend the definition of RΨXF
when F is an l-adic étale sheaf (i.e., Zl-, Ql-, or Ql- sheaf).
As observed in [Far04, §5.4.2], RΨXF is compatible with the formal nearby
cycle sheaves defined via Berkovich spaces [Ber96].
To interpret the compactly supported cohomology of formal nearby cycle sheaves,
we introduce the notion of locally algebraisable formal schemes.
Definition 1.2.12 ([Mie14a, Definition 3.19]). Let X be a formal scheme locally
formally of finite type over Spf O. We say thatX is locally algebraisable if there exists
a Zariski open covering {U} of X such that each U can be obtained as a completion
of some finite-type O-scheme.
Proposition 1.2.13. Let X be a locally algebraisable formal scheme over O such that
Xred is partially proper over κ, and let X be the generic fibre of X. Let F be either
a constructable torsion sheaf with torsion order invertible in O, or a constructable
l-adic sheaf on X with l invertible in O.
Then we have a natural isomorphism
RΓc(X
red,RΨXF ) ∼= RΓCX(X ,F ).
Proof. It suffices to handle the case when F := {Fn} is a constructible étale Zl-
sheaf with l invertible in O (so Fn is a constructible étale Z/ln-sheaf). From
[Hub96, Theorem 8.3.5] and [Ber96, Corollary 3.6], it follows that RΨXFn is
constructible and we have the following isomorphism for any finite union Z of
irreducible components of Xred:
RΓ(Z, (RΨXFn)|Z) ∼= RΓsp−1(Z)(X ,Fn) ∀n > 1.
By Grothendieck’s spectral sequence, we have
RΓ(Z, (RΨXF )|Z) ∼= Rlim←−RΓ(Z, (RΨXFn)|Z)
RΓsp−1(Z)(X ,F ) ∼= Rlim←−RΓsp−1(Z)(X ,Fn)
and thus taking the derived limit of both sides of the above isomorphism yields
RΓ(Z, (RΨXF )|Z) ∼= RΓsp−1(Z)(X ,F ).
Now, by taking lim−→Z on both sides we obtain the following
RΓc(X
red,RΨXF ) ∼= lim−→
Z
RΓ(Z, (RΨXF )|Z )
∼= lim−→
Z
RΓsp−1(Z)(X ,F ) ∼= RΓCX(X ,F ),
which concludes the proof. 
1.3. Smooth equivariant sheaves on analytic étale sites. Let J be a locally pro-
p topological group; in other words, a locally profinite topological group whose
topology is generated by pro-p open subgroups. In practice, J will be the group of
Qp-points of some reductive group over Qp, or quotients thereof. In the intended
application where X := Mb is a Rapoport-Zink formal scheme associated to (G, b),
we will work with the natural action of J := Jb(Qp) on X.
Let us recall basic definitions and key properties of smooth J -equivariant torsion
étale sheaves, following [Far08, §IV.8ff.]. Here, "smoothness" is about the J -action
on an étale sheaf, and does not refer to the “ lissité” of the underlying étale sheaf.
Let O be an artinian quotient of some finite extension of Zl with l 6= p. Note that
such O is Gorenstein, which will be relevant in Theorem 1.4.7.
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Let X denote an adic space locally of finite type over (C,OC) with a continuous
J -action on it; that is for any affinoid open U := Spa(A,A+) of X , the stabiliser JU
of U is an open subgroup of J and the JU -action on A is continuous with respect to
the natural topology on A.
In the intended application, X admits a formal model X over Spf O with Xred
partially proper (as in the setting of Definition 1.2.7), and the J -action on X ex-
tends to a continuous J -action on X. (Here, continuity of the J -action on a formal
scheme is defined similarly; cf. [Far04, Définition 2.3.10].)
For an adic space X locally of finite type over (C,OC), we let Xét denote the
étale site and Xqcét the site where the underlying category is the category of quasi-
compact adic spaces étale over X . Since any Y ∈ Xét admits an étale cover {Uα}
where each Uα is quasi-compact, it follows that these the natural map defines an
isomorphism of topoi X˜qcét ∼−→ X˜ét. Let us recall the following result that is funda-
mental in working with J -equivariant étale sites and J -equivariant étale sheaves:
Lemma 1.3.1 ([Ber94, Key Lemma 7.2]). For any U ∈ Xqcét, there exists a compact
open subgroup JU ⊂ J such that the JU -action on X lifts canonically and continuously
to U .
Definition 1.3.2 ([Far08, Définition IV.8.1]). A J -equivariant étale sheaf F on X
is defined to be smooth if for any U ∈ Xqcét, the JU -action on Γ(U ,F ) is smooth,
where JU is an open compact subgroup of J stabilising U . (Note that such JU
exists by Lemma 1.3.1, and the notion of smoothness is independent of the choice
of JU .) We write O-X˜ét/J for the category of smooth J -equivariant étale sheaves of
O-modules on X .
For any J -equivariant étale sheaf F on X , one can naturally associate a smooth
J -equivariant sheaf F (∞), called the smoothening of F (in French, lissification),
defined as follows. For any U ∈ Xqcét, we define Γ(U ,F (∞)) to be the set of
smooth sections in Γ(U ,F ) with respect to the JU -action (where JU is as defined
in Lemma 1.3.1). This presheaf turns out to be a sheaf F (∞) on Xqcét, and we view
it as a J -equivariant sheaf on Xét using the equivalence of topoi X˜qcét ∼= X˜ét. Note
that the functor F  F (∞) is the right adjoint of the natural inclusion of the cat-
egory of smooth J -equivariant sheaves into the category of J -equivariant sheaves;
cf. [Far08, §IV.8.3.3].
Let f : U → X be a J -equivariant étale morphism. Then we have the following
operations (cf. [Mie14b, Definition 3.25]):
(1) pull back O-X˜ét/J → O-U˜ét/J defined by F  f∗F .
(2) extension by zero O-U˜ét/J → O-X˜ét/J defined by G  f!G; cf. [Mie14b,
Lemma 3.24].
(3) push forward O-U˜ét/J → O-X˜ét/J defined by G  (f∗G)(∞).
For an open subgroup K ⊂ J , it is possible to “sheafify” the restriction, the
compact induction, and the induction to obtain the following functors (cf. [Mie14b,
Definition 3.22]):
ResJK : O-X˜ét/J → O-X˜ét/K
c-IndJK , Ind
J
K : O-X˜ét/K → O-X˜ét/J.
Finally, if f : U → X is a K-equivariant étale morphism for an open subgroup
K ⊂ J , then we have the functors
f∗ ◦ ResJK : O-X˜ét/J → O-U˜ét/K
c-IndJK ◦f!, IndJK ◦(f∗)(∞) : O-U˜ét/K → O-X˜ét/J,
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satisfying the adjunction relations generalising the Frobenius reciprocity; cf. [Mie14b,
Proposition 3.26].
Note that smoothness of J -action on F does not necessarily imply that the nat-
ural J -action on Γ(U ,F ) is smooth, unless X is already quasi-compact. (If we
assume that J acts transitively on the set of connected components of X , then sta-
biliser of any locally constant function taking different values at each connected
component is the intersection of the stabilisers of all connected components, which
may not be open if there are infinitely many connected components. Recall that by
Berkovich’s “Key Lemma” (Lemma 1.3.1) the stabiliser of a single connected com-
ponent is open.) Instead, Γ(X ,F ) admits a natural action of the convolution al-
gebra of compactly supportedO-valued distributions7 on J ; cf. [Far06, Lemme 2.3],
[Mie14b, Lemma 3.34].
On the other hand, compactly supported sections are always smooth in the fol-
lowing sense:
Lemma 1.3.3 ([Mie14b, Lemma 3.40]). Assume that X is partially proper over
(C,OC), equipped with a continuous J -action. Then the J -action on Γc(X ,F ) is
smooth for any F ∈ O-X˜ét/J .
Definition 1.3.4. LetRepO(J) be the category of O-modules with smooth J -action.
Then we define
RΓc(X , •) : O-X˜ét/J → D+(RepO(J))
to be the derived functor of Γc(X , •) : O-X˜ét/J → RepO(J). We write Hic(X ,F ) :=
RiΓc(X ,F ) for any F ∈ O-X˜ét/J , and call it the ith compactly supported J -
equivariant cohomology.
Note that a smooth J -equivariant sheaf F can also be viewed as just an étale
sheaf by forgetting the J -action (i.e., by applying the forgetful functor O-X˜ét/J →
O-X˜ét). We intentionally use the same notation RΓc(X ,F ) without specifying
whether we view F as a smooth J -equivariant sheaf or just as an étale sheaf8,
thanks to the following proposition.
Proposition 1.3.5 ([Mie14b, Corollary 3.42]). Assume that X is partially proper
over (C,OC). Then the following diagram is 2-commutative
D+(O-X˜ét/J)

RΓc(X ,•)
// D+(RepO(J))

D+(O-X˜ét)
RΓc(X ,•)
// D+(Mod(O))
,
where the vertical arrows are forgetful functors.
The main content of this proposition is that an injective sheaf in O-X˜ét/J is
acyclic for Γc(X , •) on O-X˜ét; cf. [Mie14b, Proposition 3.39].
This proposition implies that for F ∈ O-X˜ét/J , the J -equivariant compactly sup-
ported cohomologyHic(X ,F ) ∈ RepO(J) coincides with the “usual non-equivariant”
compactly supported cohomology Hic(X ,F ) ∈Mod(O) equipped with the J -action
induced by functoriality. (In particular, we obtain smoothness of this J -action on
the non-equivariant compactly supported cohomology.)
7We will recall the definition of compactly supported distributions in §1.4.
8In [Mie14b, §3.3], the compactly supported J -equivariant cohomology is denoted by RΓc(X/J, •),
but we find this notation could lead to confusion with the compactly supported cohomology of the
“quotient” X/J in some suitable sense.
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1.4. Poincaré duality and derived duality a la Zelevinsky, Dat, . . . Let J be a
locally pro-p topological group. Let O be a 0-dimensional Gorenstein ring where
p is invertible (but not necessarily of characteristic 0); in practice, O is either a
field or an artinian quotient of a discrete valuation ring where p is invertible. Note
that flatness, projectivity and injectivity are equivalent for modules over Gorenstein
artinian ring, which makes the functor HomO(•,O) exact.
Before introducing the convolution algebra of compactly supported distributions
on J , let us start with some motivation. Let RepO(J) be the category of O-modules
with smooth J -action, and RepO(J
disc) denote the category of O[Jdisc]-module.
(We let Jdisc denote the underlying group of J with the discrete topology.) Then
the natural functor iJ : RepO(J)→ RepO(Jdisc) admits a right adjoint
∞J : RepO(Jdisc)→ RepO(J); V  lim−→
K
V K ;
whereK ⊂ J runs over compact open subgroups. For any “operation” onRepO(Jdisc)
that may not necessarily preserve smoothness, one may consider “smoothening” it
by applying ∞J . However, ∞J is not right exact in general (as the K-invariance
functor may not be right exact), so it is not straightforward to apply ∞J to con-
structions involving homological algebra. Such homological algebra issues can be
circumvented if we can work with modules over “compactly supported distribu-
tions” instead of RepO(J
disc). Let us recall the basic definitions.
Let HO(J) := C∞c (J ;O) be the O-module of compactly supported locally con-
stant functions J → O. We recall the following definition from [Dat06, Appendix B.2],
which also works when O is a torsion ring as far as p is invertible in O.
Definition 1.4.1 (cf. [Dat09, §1.8]). An O-valued distribution (or a distribution)
on J means a linear functional µ ∈ HomO(HO(J),O). Traditionally, we write∫
J
fdµ := µ(f) for any f ∈ HO(J).
A distribution µ is compactly supported if there exists a compact subset K ⊂ J
such that
∫
J fdµ = 0 for any locally constant function f supported away from K.
Let DO(J) denote the O-module of compactly supported distributions.
We define the convolution action
DO(J)×HO(J)→ HO(J); (µ, f) 7→ µ ∗ f,
where (µ ∗ f)(γ) := ∫J (γ · f)dµ for any γ ∈ J . Here, γ · f is the right regular action
of J on HO(J).
Note that the map DO(J)→ EndO(HO(J)), sending µ to (f 7→ µ∗f), is injective.
For µ, µ′ ∈ DO(J), we define the convolution product µ ∗ µ′ ∈ DO(J) to be the
distribution corresponding to the endomorphism f 7→ µ ∗ (µ′ ∗ f) of HO(J), which
uniquely exists. Note that the convolution product makes DO(J) a O-algebra with
unity, where the multiplicative unity is the “delta function at identity” δe : f 7→ f(e).
Note that DO(J) contains the following O-subalgebras:
(1) We have O[Jdisc] →֒ DO(J) by sending γ ∈ J to the “delta function” δγ :
f 7→ f(γ).
(2) If there is a O-valued Haar measure dh on J in the sense of Vignéras
[Vig96, §I.3], then we can embed HO(J) →֒ DO(J) by f 7→ fdh. Al-
though the embedding depends on the choice of Haar measure, the image
precisely consists of compactly supported distributions that are invariant
under some compact open subgroup of J .
Definition 1.4.2 (cf. [Dat09, §1.8]). For an O-module V , let C∞(J ;V ) denote the
O-module of locally constant morphisms from J to V . We define a natural O-linear
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morphism
DO(J)→ HomO(C∞(J ;V ), V );
µ (ρ 7→
∫
J
ρdµ),
where for any given ρ ∈ C∞(J ;V ), we define ∫
J
ρdµ ∈ V as follows. We choose an
open compact subset K ⊂ J where µ ∈ DO(J) is supported; that is,
∫
J
fdµ = 0 if f
is supported in J \K. Then ∫J ρdµ ∈ V is the image of ρ under the following map
C∞(J ;V ) (•)|K //C∞(K;V ) ∼= C∞(K;O)⊗O V µ⊗V //O ⊗O V = V .
(The isomorphism in the middle can be deduced from the case when K is a fi-
nite set, since C∞(K;V ) is the directed union of maps from some finite discrete
quotients of K.) Note that
∫
J
ρdµ does not depend on the choice of support K.
LetMod(DO(J)) denote the category ofDO(J)-modules. Then we have a natural
functor
(1.4.3) iDO(J) : RepO(J)→ Mod(DO(J)),
defined as follows: the underlying O-module of iDO(J)(V ) is V , and µ ∈ DO(J)
acts on v ∈ V as µ ∗ v := ∫
J
ρvdµ where ρv ∈ C∞(J ;V ) sends γ ∈ J to γ · v. Since
DO(J) contains O[Jdisc], it follows that iDO(J) is fully faithful. We will often regard
RepO(J) as the full subcategory of Mod(DO(J)) via iDO(J), unless there is risk of
confusion.
The functor iDO(J) admits a right adjoint
∞DO(J) : Mod(DO(J))→ RepO(J),
defined as follows. For any pro-p open subgroup K ⊂ J , we have a natural idem-
potent eK ∈ DO(J) supported inK, such that eK |K is the Haar measure onK with
total volume 1. Then we define
∞DO(J)(M) := lim−→
K
eK ∗M.
Note that ∞DO(J) is exact (contrary to ∞J), which is the motivation for working
with modules over DO(J).
Since O[Jdisc] →֒ DO(J), we have a functor κJ : Mod(DO(J)) → RepO(Jdisc).
But note that∞DO(J) may not be equal to∞J ◦ κJ .
Definition 1.4.4. Note that HO(J) is a bi-DO(J)-module, so we can define a con-
travariant functorDm : RepO(J)→ Mod(DO(J)) by sending V toHomJ(V,HO(J)),
where the J -equivariance is with respect to the left regular J -action onHO(J), and
the right regular J -action gives rise to the DO(J)-action on HomJ(V,HO(J)). More
explicitly, for µ ∈ DO(J) and ρ : V → HO(J), we define the left regular action to be
(µ∗ρ)(v) := ρ(v)∗ µˇ, where µ 7→ µˇ is the involution on DO(J) induced by g 7→ g−1.
We define the following contravariant functor
D :=∞DO(J) ◦Dm : RepO(J)→ RepO(J),
and we consider the derived functor RD = ∞DO(J) ◦ RDm : D−(RepO(J)) →
D+(RepO(J)). (Recall that∞DO(J) is exact.)
Let K ⊂ J be a compact open subgroup. Then DO(K) is the completed group
algebra over O, and can naturally viewed as a O-subalgebra of DO(J). For any
DO(K)-module M we set
(1.4.5) c-IndDO(J)DO(K)M := DO(J)⊗DO(K) M.
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In fact, this construction is compatible with compact induction of smooth repres-
entations of K via iDO(J) and ∞DO(J); to be precise, we have a natural isomorph-
ism iDO(J) ◦ c-IndJK ∼= c-IndDO(J)DO(K) ◦iDO(K) of functors RepO(K) → Mod(DO(J)),
and a natural isomorphism ∞DO(J) ◦ c-IndDO(J)DO(K) ∼= c-Ind
J
K ◦∞DO(K) of functors
Mod(DO(K))→ RepO(J). See [Far06, §1] and [Mie14b, §2] for the proof.
Remark 1.4.6. Under some finiteness hypothesis on RepO(J), we can show that
RD satisfies some finiteness. We recall the precise statement although this will not
be crucially used in this paper.
Let D+ft (RepO(J)) (respectively, D
−
ft (RepO(J)); respectively, D
b
ft(RepO(J))) de-
note the triangulated subcategories of the derived category generated by bounded-
below complexes (respectively, bounded-above complexes; respectively, bounded
complexes) whose cohomology is finitely generated smooth J -representations.
Let us make the following finiteness assumptions on RepO(J):
local noetherianness: Any subrepresentation of finitely generated smooth
J -representation over O is again finitely generated. In particular, RepO(J)
is locally noetherian.
finite projective dimension: Any finitely generated smooth J -representation
over O admits a finitely generated projective resolution with finitely many
terms. (Note that this hypothesis is only satisfied when O is a field.)
Both assumptions are satisfied when O is a field of characteristic 0 and J is a p-adic
reductive group, which can be read off from [Ber84] (or alternatively, [SS91]).
If O is an artin local ring of positive residue characteristic l 6= p, then the “local
noetherianness” hypothesis is satisfied if J is either a classical group with p > 2 or
of semi-simple rank 6 1 (cf. [Dat09, Théorème 1.5]). If furthermore O is a field
of positive banal characteristic (in other words, the index of any open subgroup
inside an open compact subgroup of J is invertible in O), then the “finite projective
dimension” assumption can be verified by repeating the argument in [SS91].
Now, let us list some known finiteness results for RD:
(1) (cf. [Far06, Corollaire 1.8]) Under the “local noetherianness” hypothesis,
the derived functor RD restricts to RD : D+ft (RepO(J))→ D−ft (RepO(J)).
(2) (cf. [Far06, Proposition 1.18]) Under the “local noetherianness” and “finite
projective dimension” hypotheses, RD restricts to RD : Dbft(RepO(J)) →
Dbft(RepO(J)). Furthermore, the natural morphism of functors id → RD ◦
RD is an isomorphism.
Let us now state the theorem of Mieda’s:
Theorem 1.4.7 ([Mie14b, Theorems 4.1, 4.11]). Let X be a formal scheme locally
formally of finite type over O, and let O be Ql, a finite extension of Ql, or an artinian
quotient of a finite extension of Zl. Let us assume the following:
(1) The adic space generic fibre X := XadC is smooth pure of dimension d.
(2) The locally pro-p group J acts continuously on X in the sense of [Far04,
Définition 2.3.10].
(3) The underlying reduced scheme Xred is partially proper over κ.
(4) There exists a quasi-compact open subset U ⊂ Xred such thatXred = ⋃g∈J gU ,
and the subgroup {g ∈ J | gU ∩ U 6= ∅} ⊂ J is compact.
(5) The formal scheme X is locally algebraisable in the sense of [Mie14a, Defini-
tion 3.19]; in other words, there exists a Zariski open covering {U} of X such
that each U can be obtained as a completion of some O-scheme.
Then we have a natural J -equivariant isomorphism for each i ∈ Z:
H2d−iCX (X ,O)(d) ∼= R−iD(RΓc(X ,O)).
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(In particular, the isomorphism does not depend on the choice of U in (4).)
Remark 1.4.8. When X is proper and J is trivial, the above theorem reduces to the
usual Poincaré duality (as X is required to be smooth and equi-dimensional).
Let us comment on the assumptions on X. We need the J -action on X to extend
continuously to the formal model X in order to be able to define the natural J -
action on HiCX(X ,O).
The last two conditions of Theorem 1.4.7 are to ensure thatRΓc(X ,O) ∈ Dbft(RepO(J)).
IfK ⊂ J is a compact open subgroup stabilising sp−1(U)◦ (which exists by Berkovich’s
Key Lemma), then Theorem 1.4.7(4) ensures that {g · sp−1(U)◦}g∈J/K is a locally
finite open covering of X . Using this, we consider a Cˇech resolution of the constant
sheaf O; cf. [Mie14b, Proposition 3.27 i)]. Now, by Cˇech-to-derived functor spec-
tral sequence, the desired claim RΓc(X ,O) ∈ Dbft(RepO(J)) reduces to showing
that for any quasi-compact closed subset Z ⊂ Xred, we have
RΓc(sp
−1(Z)◦,O) ∈ Dbft(Mod(O));
cf. [Mie14b, Remark 4.12]. It is plausible that this statement should hold in general,
but we only know how to prove this claim when X is locally algebraisable; cf.
[Mie14a, Proposition 3.21, Theorem 4.35].
Let us now outline the main idea of proof of Theorem 1.4.7, following [Mie14b,
§ 4]. Just like the usual non-equivariant cohomology, there are some conveni-
ent J -equivariant resolutions of F ∈ O-X˜ét/J , such as the Godement resolution
(cf. [Mie14b, §3.3.3]) and some variant of Cˇech resolutions (cf. [Mie14b, Propos-
ition 3.27]). The theorem is proved by explicitly constructing certain complexes
that compute H2d−iCX (X ,O)(d) and R−iD(RΓc(X ,O)), and match them. In a sense,
what is actually proved is the following (stronger) isomorphism:
RΓCX(X ,O)(d)[2d] ∼= RD(RΓc(X ,O)) ∈ Dbft(RepO(J)).
Note that we have not definedRΓCX(X ,O) inD+(RepO(J)) (but only inDbft(Mod(O))),
but in the proof, Mieda actually constructed a complex of smooth J -representations
which represents RΓCX(X ,O).
1.5. Derived duality on towers with Hecke correspondence. Let G and J be
locally pro-p groups. In this section, we always work with Ql-coefficients and write
H(J) = HQl(J) and D(J) = DQl(J), etc. To avoid confusion, we specify the group
in the notation
RDJ(V ) :=∞D(J) ◦ RHomD(J)(iD(J)(V ),H(J)),
instead of denoting it by RD as in the previous subsections.
We consider V ∈ Rep(G × J). In the intended situation, V will be obtained
from the compactly supported cohomology of some Rapoport-Zink tower, where G
and J are some p-adic reductive groups. Given any ρ ∈ RepQl(J), we would like to
extract some kind of “derived ρ-isotypic parts” from V as smoothG-representations.
Note that the natural G-action on HomJ(V, ρ) is not necessarily smooth, and the
“smoothening” functor ∞G is not exact in general. Under some suitable finiteness
assumption, we will now fix this problem using a similar idea to the definition of
RDJ .
We first claim that we have a natural isomorphism
(1.5.1) D(G) ⊗D(J) ∼−→ D(G× J).
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Indeed, this isomorphism essentially boils down to the following natural isomorph-
ism
H(G× J) = lim−→
KG×KJ
H(G× J//KG × KJ)
∼= ( lim−→
KG
H(G//KG)
)⊗ ( lim−→
KJ
H(J//KJ)
)
= H(G)⊗H(J),
where the nontrivial isomorphism is obtained from (KG×KJ)\(G×J)/(KG×KJ) =
(KG\G/KG)× (KJ\J/KJ).
To simplify the notation, we view Rep(J) and Rep(G × J) as full subcategories
of Mod(D(J)) and Mod(D(G × J)) via iD(J) and iD(G×J), respectively. By (1.5.1)
we may view V (or rather, ιD(G×J)V ) as a module over D(G) ⊗ D(J). Therefore,
for any ρ ∈ Rep(J) the following extension group
ExtiD(J)(V, ρ)(= Ext
i
D(J)(ιD(G×J)V, ιD(J)ρ))
has a natural structure of a D(G)-module.
Let us now make the following definition:
Definition 1.5.2. For any ρ ∈ Rep(J), we define
E i(V, ρ) :=∞D(G) ExtiD(J)(V, ρ) ∈ RepG(Ql).
Proposition 1.5.3. Let us assume the following properties:
(1) For any open pro-p subgroup K ⊂ G, V K is finitely generated smooth J -
representation.
(2) For a finitely generated smooth J -representation, any J -subrepresentation
is also finitely generated. (Cf. the “local noetherianness” hypothesis in Re-
mark 1.4.6.)
Then for any ρ ∈ Rep(J) we have
E i(V, ρ)K = ExtiJ (V K , ρ)
In particular, we have
E i(V, ρ) ∼= lim−→
K⊂G
ExtiJ (V
K , ρ),
and it can be identified with the subspace of G-smooth vectors in ExtiJ (V, ρ).
We remark that (1) is satisfied if V K = Hic(X
red
K,C ,Ql) where XK is a formal
scheme with continuous J -action that satisfies the conditions in Theorem 1.4.7. In
practice, (2) is satisfied if J is a p-adic reductive group; cf. Remark 1.4.6.
Proof. To ease the notation, we continue to identify V ∈ Rep(G×J)with ιD(G×J)(V ).
We have
eK ∗ ExtiD(J)(V, ρ) ∼= ExtiD(J)(eK ∗ V, ρ) = ExtiD(J)(V K , ρ) ∼= ExtiJ(V K , ρ).
Indeed, the first isomorphism holds since eK ∈ D(G) is an idempotent, and the
last isomorphism follows from Lemma 1.5.4 below. Recall that for any smooth
G-representation V we have V K = eK ∗ V .
This shows that
E i(V, ρ) = lim−→
K
eK ∗ ExtiD(J)(V, ρ) ∼= lim−→
K
ExtiJ(V
K , ρ).
Now it remains to show that E i(V, ρ)K = ExtiJ (V K , ρ). Indeed, we have
E i(V, ρ)K = lim−→
K′⊂K
(eK′∗ExtiD(J)(V, ρ))K/K
′ ∼= lim−→
K′⊂K
ExtiJ(V
K′ , ρ)K/K
′
= ExtiJ(V
K , ρ),
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whereK ′ runs through open normal subgroups ofK. (To see the last isomorphism,
since the invariance under the finite group action on Q-vector space is exact, we
can commute the K/K ′-invariance and ExtiJ .) This concludes the proof. 
Lemma 1.5.4. Assume that Rep(J) satisfies Proposition 1.5.3(2). Then for any
V, ρ ∈ Rep(J) with V finitely generated, we have a natural isomorphism
RHomJ(V, ρ) ∼= RHomD(J)(V, ρ) ∼= RDJ (V )⊗LH(J) ρ.
Proof. Let us first assume that V = c-IndJK τ for some pro-p open subgroup K ⊂
J and a finitely generated representation τ ∈ Rep(K). Note that c-IndJK τ is a
projective object in Rep(J); indeed, it suffices to show that τ is a projective object
in Rep(K) by Frobenius reciprocity, and this follows since the category of finitely
generated smooth K-representations over Qℓ is semi-simple (K being profinite).
Then we have
(1.5.5) RDJ (c-Ind
J
K τ)
∼= c-IndJK(τ)∗;
indeed, the vanishing of the higher cohomology of the left hand side follows from
[Far06, Corollaire 1.8] together with projectivity of c-IndJK τ , and the computation
of the zeroth cohomology follows from [Far06, Proposition 1.16].
Next, we show the following isomorphism
RD(c-IndJK τ) ⊗LH(J) ρ ∼= c-IndJK(τ∗)⊗H(J) ρ
∼= HomJ(c-IndJK τ, ρ) ∼= RHomJ (c-IndJK τ, ρ).
The first and last isomorphisms follow from the projectivity of compact induction
together with (1.5.5). To show the remaining isomorphism, note that we have
HomJ(c-Ind
J
K τ, ρ)
∼= HomK(τ, ρ) ∼= (τ∗ ⊗ ρ)K ,
and analogously we have
c-IndJK(τ
∗)⊗H(J) ρ ∼= (τ∗ ⊗ ρ)K .
So our claim follows from (τ∗ ⊗ ρ)K ∼= (τ∗ ⊗ ρ)K .
It easily follows that the lemma holds for a bounded-above complex V • where
each V −i is of the form c-IndJK τ for some open pro-p subgroupK ⊂ J and a finitely
generated representation τ ∈ RepK(Ql). It now remains to show that any finitely
generated J -representation V admits such a resolution. Indeed, we choose finitely
many generators of V and let K be an open pro-p group that fixes each of them.
Thus we have a surjection from a finite sum
⊕
c-IndJK 1 onto V , and by assumption
any J -subrepresentation of c-IndJK 1 is finitely generated. This concludes the proof.

2. INTEGRAL MODELS FOR SHIMURA VARIETIES OF HODGE TYPE
In this section we recall the construction of integral models for Shimura varieties
of Hodge type with Bruhat-Tits level structure at p as presented in [KP18] and recall
the Newton stratification on the special fibre.
2.1. Review of Dieudonné display theory. We review and set up the notation
for the theory of Dieudonné displays for p-torsion free complete local noetherian
rings with residue field F¯p, following [KP18, §3.1]. For more standard references
for Dieudonné display theory, we refer to Zink’s original paper [Zin01] and Lau’s
paper [Lau14].
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Let R be a complete local noetherian ring with residue field F¯p. In [Zin01, §2],
Zink introduced a p-adic subringW(R) of the ring of Witt vectorsW (R), which fits
in the following short exact sequence (of algebras not necessarily with unity):
0 //Ŵ (mR) //W(R) //W (Fp) //0,
where Ŵ (mR) := {(ai) ∈ W (mR)| ai → 0}.(Here, W (mR) is a mild but standard
abuse of notation for the kernel of W (R) ։ W (Fp).) If p > 2 thenW(R) is stable
under the Frobenius and Verschiebung operators of W (R). Recall that W(R) is
p-torsion free if R is p-torsion free (since in that case W (R) is p-torsion free).
Let IR denote the kernel of the natural projection W(R) ։ R, which coin-
cides with the injective image of the Verschiebung operator (if p > 2). We let
σ :W(R)→W(R) denote the Witt vector Frobenius. Furthermore if p > 2 then we
have a canonical divided power structure δ : IR →W(R) inherited by restricting the
canonical divided power structure onW (R) ([Lau14, Lemma 1.16]), which makes
W(R) a p-adic divided power thickening of R. (In particular, one can evaluate a
crystal over R atW(R).)
Definition 2.1.1. A Dieudonné display over R is a tuple
(M,M1,Φ,Φ1),
where
(1) M is a finite freeW(R)-module;
(2) M1 ⊂ M is a W(R)-submodule containing IRM , such that M/M1 is free
over R;
(3) Φ : M → M and Φ1 : M1 → M are σ-linear morphism such that pΦ1 =
Φ|M1 and the image of Φ1 generatesM .
The Hodge filtration associated to the display isM1/IRM ⊂M/IRM viewed as the
0th filtration (soM/M1 is viewed as the (−1)th grading)9.
Now, for any W(R)-module M , we write Mσ := M ⊗W(R),σ W(R). Given a
Dieudonné display (M,M1,Φ,Φ1) over R, we let M˜1 denote the image of Mσ1 in
Mσ. Then the linearisation of Φ1 induces the following isomorphism
Ψ : M˜1
∼−→M.
If W(R) is p-torsion free (for example, if R is p-torsion free), then given M and
M1 ⊂ M where M/M1 is projective over R, giving a σ-linear map Φ and Φ1 that
makes (M,M1,Φ,Φ1) a Dieudonné display is equivalent to giving an isomorphism
Ψ as above; cf. [KP18, Lemma 3.1.5].
For any complete local noetherian ring R with perfect residue field of character-
istic p > 2, Zink [Zin01] constructed a natural equivalance between the category
of Barsotti-Tate groups over R and the category of Dieudonné displays over R. We
denote this functor by
X  M(X )
for a Barsotti-Tate group X over R. Lau proved thatM(X ) is naturally isomorphic
to D(X )∨
W(R), where D(X ) denotes the contravariant Dieudonné crystal of X .
Moreover, the isomorphism matches the Hodge filtrations on both sides and allows
us to recover the crystalline Frobenius and Verschiebung maps from Φ and Φ1 on
M(X ) [Lau14, Theorem B]. If W(R) is p-torsion free, then we can obtain the
9We would like to view M/IRM as the “first de Rham homology” of some Barsotti-Tate group, and
M/M1 as the Lie algebra of the Barsotti-Tate group, which is the (−1)th grading of the first de Rham
homology. We follow the standard notation to let M1 ⊂ M denote the W(R)-submodule defining the
Hodge filtration (althoughM0 may be more natural notation as it defines the 0th filtration).
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Dieudonné display M(X ) from the filtered Dieudonné crystal D(X ) as follows.
(For simplicity, we will write M(X ) := (M,M1,Φ,Φ1).)
(1) M := D(X )∨
W(R) and M1 := ker (M ։ D(X )
∨
R ։ Lie(X ));
(2) The contragradient of the crystalline Frobenius F :Mσ[ 1p ]→M [ 1p ] restricts
to Ψ : M˜1 →M .
2.2. Group theoretic background. Let G and G′ be connected reductive groups
over Qp where either G′ = GLn or G′ = GSpn. Assume that we have a faithful
minuscule representation ρ : G →֒ GLn which factorises through G′. By [KP18,
1.2.26, 2.3.3] this induces a toral Galois-equivariant embedding of Bruhat Tits
buildings ι : B(G, Q˘p) →֒ B(G′, Q˘p), depending on some auxiliary choices, where
Q˘p denotes the completion of the maximal unramified extension of Qp. Now as-
sume x ∈ B(G, Q˘p)Gal(Q˘p/Qp) with image x′ ∈ B(G′, Q˘p). We denote by Gx,G ′x′ and
G ◦x ,G
′◦
x′ = G
′
x′ the Bruhat-Tits group schemes over Zp given by the stabilisers of x, x
′
and their corresponding parahoric group schemes, respectively.
Proposition 2.2.1 ([KP18, Prop. 1.3.3]). The embedding G →֒ G′ extends to Gx →֒
G ′x′ .
Let {µ} be a geometric conjugacy class of minuscule cocharacters of G and let E
be its field of definition. Denote by Flµ = G/Pµ, where Pµ is a parabolic subgroup
corresponding to an element µ ∈ {µ}. Denote by M locG,{µ},x the local model given
by Pappas and Zhu, which is a certain integral model of Flµ parametrising the
singularities of the integral model of the Shimura variety. Rather than recalling
its definition here, we give an explicit description for the cases in which it occurs
below.
Proposition 2.2.2 ([KP18, Prop. 2.3.7]). Assume that {µ′} := ρ∗{µ} is minus-
cule. Then the natural inclusion Fl{µ} →֒ Fl{µ′} extends to a closed embedding
M locG,{µ},x →֒ M locG′,{µ′},x′ ⊗Zp OE .
We assume from now on that x′ is hyperspecial. That is, G ′x′ = GL(Λ) if G
′ =
GLn or G ′x′ = GSp(Λ) if G
′ = GSpn where Λ ⊂ Qnp is some (self-dual) lattice. Now
the local models have the following description (see [KP18, 4.1.5]). Since {µ′} is
defined over Zp, Fl{µ′} admits a model F ℓ{µ′} over Zp. We have M locG,{µ′},x′ =
F ℓ{µ′}. Thus by above proposition,
M
loc
G,{µ},x = G · y ⊂ M locG′,{µ′},x′ ⊗Zp OE = F ℓ{µ′} ⊗Zp OE
where y is a point corresponding to a cocharacter in {µ}.
2.3. Local geometry. With the notation above, assume that µ′ = (0(n−d),−1d)
for some d and furthermore d = n/2 if G′ = GSpn. Let X be a Barsotti-Tate
group of height n and dimension d over Fp, together with a polarisation in the case
G′ = GSpn. We choose an identification D(X)
∨
Z˘p
∼= Λ⊗ Z˘p which we assume to be a
symplectic similitude in the case that X is polarised. By Grothendieck-Messing the-
ory, its deformation space Def(X) is canonically identified with the formal neigh-
bourhood M̂ locG′,{µ′},x′,y′ of Mˆ
loc
G′,{µ′},x′ at the point y
′ which corresponds to the
Hodge filtration Fil0(X) ⊂ D(X)∨
Fp
. (We regard D(X)∨
F¯p
/Fil0(X) = Lie(X) as
the (−1)th grading of the Hodge filtration. This is compatible with the indexing of
Hodge filtrations for Dieudonné displays; cf. Definition 2.1.1.) We assume that the
following conditions hold.
• G splits after some tame extension of Qp and p ∤ |π1(Gder)|.
• The adjoint group of G does not have any factor of type E8.
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• The image of the embedding G →֒ G′ contains the scalar matrices; cf.
[KP18, (3.2.4)].
These assumptions imply the technical hypothesis [KP18, (3.2.3)] on extending
G ◦x -torsors over the closed point of the spectrum of a 2-dimensional regular local
ring by [KP18, Proposition 1.4.3]. Furthermore, M locG,{µ},x is known to be normal,
and its special fibre M locG,{µ},x ⊗OE κE is reduced and each irreducible component
is normal and Cohen-Macaulay; cf. [PZ13, Theorem 9.1].
We choose a family of tensors (sα) in Λ⊗ such that Gx is their stabiliser. Now
assume that X is equipped with a family of crystalline Tate-tensors (tα) satisfying
the following conditions.
(a) There exists an isomorphism D(X)∨
Z˘p
∼= Λ ⊗ Z˘p as above which sends tα to
sα ⊗ 1.
(b) The point y ∈ M locG′,{µ′},x′ given by Fil0(X) lies in M locG,{µ},x.
Note that while the point y depends on our choice of isomorphism in (a), it does so
only up to Gx(Zp)-action; in particular condition (b) is independent of this choice.
In this setting, the technical hypotheses (3.2.2)–(3.2.4) in [KP18] are satisfied
so we can apply the result in [KP18, § 3] that gives a deformation-theoretic inter-
pretation of the formal neighbourhood of M locG,{µ},x at a closed point.
Definition 2.3.1. We denote by DefGx(X ; (tα)) ⊂ Def(X)⊗Z˘p OE˘ the formal subs-
cheme corresponding to the inclusion M̂ locG,{µ},x,y ⊂ M̂ locG′,{µ′},x′,y ⊗Z˘p OE˘ of formal
neighbourhoods of the local models. If (tα) is understood, we write DefGx(X) :=
DefGx(X ; (tα)).
Let R and RG be the rings of global sections of Def(X) and DefGx(X), respect-
ively. Denote by X def the universal deformation of X over R and denote by X defG
its restriction to RG.
Note that RG is normal (since we assumed that M locG,{µ},x is normal). Under
this normality assumption, Kisin and Pappas constructed Φ-invariant tensors tdefα ∈
M(X defG )
⊗ lifting tα so that there exists aW(RG)-linear isomorphismM(X defG ) ∼=
M(X)⊗
Z˘p
W(RG) sending (tdefα ) to (tα ⊗ 1).
To explain the “universal property” of the tensors (tdefα ), let us set up some nota-
tions. For any finite extension K/E˘ and X ∈ Def(X)(OK), we have a unique
Ψ-equivariant isomorphism
(2.3.2) M(X)⊗
Z˘p
W(OK)Q ∼=M(X )Q
lifting the identity map onM(X)Q (cf. [KP18, Lem. 3.1.17]). Let uα ∈M(X )⊗Q be
the tensors obtained as the images of tα ⊗ 1.
Proposition 2.3.3 ([KP18, Cor. 3.2.11, Prop. 3.2.17]). Let X ∈ Def(X)(OK) for
some finite extension K/E˘, and define the tensors uα ∈ M(X )⊗Q as above. Then
we have X ∈ DefGx(X)(OK) and the tensors tdefα ∈ M(X defG )⊗ pull back to uα ∈
M(X )⊗Q , if and only if the tensors uα ∈M(X )⊗Q satisfy the following conditions
(1) We have uα ∈M(X )⊗; i.e., uα are integral.
(2) There exists aW(OK)-linear isomorphismM(X ) ∼= M(X)⊗Z˘pW(OK) sending
uα to tα ⊗ 1.
(3) We have (Fil0 X )⊗OK K ∈ M locG,{µ},x(K), where we view (Fil0 X )⊗OK K as a
filtration ofM(X)Q⊗Q˘pK (hence, aK-point of M locG′,{µ′},x) via the isomorphism
(2.3.2).
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For any Barsotti-Tate group X over some ring R (with R[ 1p ] 6= 0), we let T (X )
denote the integral Tate module (viewed as a Zp-local system over SpecR[ 1p ]). Let
us recall the following variant for étale tensors.
Proposition 2.3.4 ([KP18, Prop. 3.3.13]). For any finite extension K/E˘ and X ∈
Def(X)(OK), assume that there exists Gal(K/K)-invariant tensors tα,ét ∈ T (X )⊗
with the following properties.
(1) The p-adic comparison isomorphism matches tα,ét with tα ∈M(X)⊗Q .
(2) Viewing (Fil0 X )⊗OKK ∈ M locG′,{µ′},x(K) via the isomorphism (2.3.2), we have
(Fil0 X )⊗OK K ∈ M locG,{µ},x(K).
Then we have X ∈ DefGx(X)(OK).
2.4. Integral models. Let (G,X) be Shimura datum of Hodge type andK = KpKp ⊂
G(Af ) be a small enough open compact subgroup where Kp ⊂ G(Qp) is the stabil-
iser of a point x ∈ B(G,Qp). Denote by E the Shimura field (which is a subfield
of C), and let E be its p-adic completion for some fixed embeddings Q →֒ C and
Q →֒ Qp. Let OE and κE respectively denote the ring of integers and the residue
field of E.
We assume that G := GQp splits over a tame extension of Qp. Since (G,X) is
of Hodge type, there exists an embedding of Shimura data (G,X) →֒ (GSp2g, S±).
Using the assumption that G splits over a tame extension of Qp, we may alter this
embedding such that the image x′ ∈ B(GSp2g,Qp) of x ∈ B(G,Qp) is hyperspecial
([KP18, 4.1.5] and Zarhin’s trick, cf. [Kis17, (1.3.3)]). Let Λ ⊂ Q2gp denote the
unimodular lattice corresponding to x′. It follows from [KP18, Lemma 1.3.3] that
the closed immersion G →֒ GSp2g over Qp extends to a closed immersion
(2.4.1) Gx →֒ GSp(Λ)
of smooth algebraic groups over Zp. In particular, we have a closed immersion of
the local models M locG,{µ},x →֒ M locGSp2g ,{µ′},x′ ⊗Zp OE .
In addition to the assumption that G = GQp splits over a tame extension of Qp,
we assume that p ∤ |π1(Gder)|. Note that the adjoint group of G cannot have a
factor of type E8 (by classification), and the image of the embedding G →֒ GSp2g
contains all the scalar matrices. Therefore, the technical conditions imposed at the
beginning of §2.3 are satisfied.
We choose a unimodular Z-lattice ΛZ ⊂ Λ ∩ Q2g with respect to the standard
symplectic pairing. Using this choice, we can interpret the Shimura variety for
(GSp2g, S
±) as the moduli space of principally polarised abelian varieties of dimen-
sion 2g with some symplectic level structure.
Given K ⊂ G(Af ) as in the beginning of the section, we choose K′ = K′pK′p ⊂
GSp2g(Af ) to be a small enough open subgroup such that K
′
p ⊂ GSp2g(Qp) is the
stabiliser of x′, K′p ⊂ GSp2g(Apf ) contains Kp, and ShK(G,X) → ShK′(GSp2g, S±)
is a closed embedding ([Kis10, Lemma 2.1.2]). If the Shimura data and level are
understood, we may abbreviate ShK(G,X) and ShK′(GSp2g, S
±) by Sh and Sh′, re-
spectively.
By the standard argument (cf. [KP18, 4.1.7]), the pull-back of the universal
abelian variety AG comes equipped with certain families of Hodge cycles, which
we recall now. (See [Kis10, 2.2] or [KP18, 4.1.7] for the full details.) Let ΛZ(p) ⊂
Q2g denote the unimodular Z(p)-lattice that descends the unimodular Zp-lattice
Λ ⊂ Q2gp . From the existence of the closed immersion (2.4.1), one can see that
the Zariski closure of G in GSp(ΛZ(p)) is a smooth Z(p)-model of Gx. By [Kis10,
Proposition 1.3.2] there exist finitely many tensors sα ∈ Λ⊗Z(p) whose pointwise
stabiliser is the Zariski closure of G in GL(ΛZ(p)).
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Let Tp(AG) denote the integral Tate module viewed as a Zp-local system over
ShK(G,X). Then we can associate to (sα) the global sections
tα,ét ∈ Γ(Tp(AG)⊗),
such that for any geometric point z¯ of ShK(G,X), there exists an isomorphism Λ ∼=
Tp(AG)z˜ sending sα to the fibre of (tα,ét) at z¯. Indeed, over ShK(G,X)C we have an
explicit complex analytic construction of such tensors (tα,ét) (or to be precise, we
construct the tensors on the Betti (co)homology, and view them as tensors on étale
(co)homology by scalar extension), and by the theory of absolutely Hodge cycles
on abelian schemes we can descend the tensors over ShK(G,X). Similarly, for l 6= p,
we can construct the tensors tα,l ∈ Γ(Tl(AG)⊗).
For K′ = K′pK′p as above, denote byS
′
K′
the moduli space of principally polarised
abelian varieties over Z(p) with K′p-level structure, and let (A univ, λuniv, ηuniv) be
its universal object. ThenS ′
K′
is a smooth scheme whose generic fibre is canonically
isomorphic to ShK′(GSp2g, S
±) (see e.g. [Kot92, § 5]). The Kisin-Pappas integral
modelSK of ShK(G,X) is given by the normalisation of the closure S
−
K
of ShK(G,X)
in S ′
K′
⊗ OE . We denote the corresponding morphism by ι : SK → S ′K′ and by
AG := ι
∗A univ. The canonical projection Sh(G,X)Kp1Kp ։ Sh(G,X)KpKp for K
p
1 ⊂ Kp
and the G(Apf )-action on the tower {ShKpKp(G,X)}Kp⊂G(Apf ) both extend uniquely
to the integral models. We will omit the level in the subscript (e.g. S = SK,
S ′ = SK′) if it is given by context or not relevant.
Let z ∈ S (Fp), and choose a lift z˜ ∈ S (OK) of z for some finite extensionK/E˘.
Then by crystalline-étale comparison theorem, the fibre of tα,ét at some geometric
point over z˜ gives rise to tα,z ∈M(AG,z[p∞])⊗Q . By [KP18, Cor. 3.3.6] together with
standard results from the theory of Kisin modules (cf. [KP18, Theorem 3.3.2]),
it follows that the tensors tα,z are integral and satisfy the condition (a) and (b)
in § 2.3. (Indeed, using the notation of [KP18, Theorem 3.3.2], the tensors on
the Kisin module M(tα,ét) ∈ M(Tp(AG,z˜))⊗ lift tα,z, so we get the integrality of
tα,z. Now, [KP18, Cor. 3.3.6] implies the condition (a) in § 2.3, and the condi-
tion (b) follows from the relationship between DdR(Vp(AG,z˜)) and M(Tp(AG,z˜)),
together with the fact that the Hodge filtration on the generic fibre of AG,z˜ is given
by some cocharacter in the geometric conjugacy class {µ}.) Therefore, we can
define a closed formal subscheme DefGx(AG,z[p
∞]; (tα,z)) ⊂ Def(AG,z[p∞])⊗̂Z˘pOE˘;
cf. Definition 2.3.1. By the isomorphism (2.3.2) and [KP18, Lemma 3.2.13], the
tensors tα,z do not depend on the choice of lift z˜ of z. Furthermore, the existence
of étale tensors tα,ét implies that the deformation of AG,z given by a lift z˜ ∈ S (OK)
of z gives rise to an OK -point of DefGx(AG,z[p
∞]; (tα,z)) (cf. Proposition 2.3.4).
Kisin and Pappas gave the following description of the formal neighbourhood of
z ∈ S (Fp).
Proposition 2.4.2 ([KP18, Prop. 4.2.2, Cor. 4.2.4]). Let z ∈ S (F¯p) and z′ = ι(z) ∈
S ′(F¯p). The identification S ′∧
Z˘p,z′
∼= DefG ′
x′
(A univz′ [p
∞];λunivz′ ), given via the Serre-
Tate theorem, yields a canonical isomorphism S ∧O
E˘
,z
∼= DefGx(AG,z[p∞]; (tα,z)) such
that the following diagram
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ι−1(S −∧O
E˘
,z′)
∐
ι(z)=z′
DefGx(AG,z[p
∞]; (tα,z))
S
−∧
O
E˘
,z′
⋃
ι(z)=z′
DefGx(A
univ
z′ [p
∞]; (tα,z))
S ′∧O
E˘
,z′ DefG ′
x′
(A univz′ [p
∞];λunivz′ )⊗̂Z˘pOE˘
∼
∼
∼
commutes, where the vertical maps are induced by the natural inclusions
DefGx(AG,z[p
∞]; (tα,z)) →֒ DefG ′
x′
(A univz′ [p
∞];λunivz′ ).
Since DefGx(AG,z[p
∞]; (tα,z) is represented by the formal neighbourhood of the
local model M locG,{µ},x, we obtain the following corollary from the local property of
M locG,{µ},x:
Corollary 2.4.3 (cf. [KP18, Corollary 0.3]). The integral model S is normal. Its
geometric special fibre S¯ is reduced, and each irreducible component is normal and
Cohen-Macaulay.
2.5. Stratifications of the special fibre. Let S¯ denote the geometric special fibre
of the integral model S . For any closed point z ∈ S¯ (Fp), choosing an isomorphism
D(AG,z[p
∞])
Z˘p
∼= Λ⊗Zp Z˘p respecting the additional structure carries the Frobenius
F to an element gzσ with gz ∈ G(Q˘p). Due to the choice of an isomorphism only
the Gx(Z˘p)-σ-conjugacy class is well-defined, which we denote by [[gz]]. Similarly,
the isogeny class of (AG,z[p∞], λG,z , (tα,z)) is determined by the G(Q˘p)-σ-conjugacy
class [gz]. We denote for b ∈ G(Q˘p)
C¯b(F¯p) := {z ∈ S¯ (F¯p) | gz ∈ [[b]]}
S¯
b(F¯p) := {z ∈ S¯ (F¯p) | gz ∈ [b]}.
We want that these sets are locally closed, so that we may equip them with reduced
structure and view them as subvarieties. The work of Oort, and Rapoport and
Richartz show that these sets are indeed locally closed, provided that the pointwise
tensors on the cohomology are induced by some sort of global structure. This is
proven in the next section.
3. CONSTRUCTION OF GLOBAL TENSORS ON THE DISPLAY OF AG[p∞]
Since S is normal, it follows that for l 6= p the l-adic étale components of the
Hodge cycles {tα,l} on the generic fibre AG extend to the integral model AG. On the
other hand, this property does not hold for the p-adic étale tensors {tα,ét}. When
x ∈ B(G,Qp) is a hyperspecial vertex, then it is possible to obtain the crystalline
Tate tensor on the integral model (as the analogue of the good reduction of l-adic
étale component), which crucially uses the smoothness of S . In general (especially,
when S is not smooth), we have an analogue of this in terms of displays, which
we will obtain in Proposition 3.3.1.
3.1. Review of p-adic comparison morphism for Barsotti-Tate groups. Let C
be an algebraically closed complete extension of Qp with ring of integers OC . In
practice, C = K̂, where K is a complete discrete valuation field of mixed charac-
teristic (0, p). Let X be a Barsotti-Tate group over OC . We briefly recall the p-adic
comparison morphism in this case.
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Let us briefly recall Fontaine’s construction of crystalline period rings. We define
O♭C := lim←−
Φ
OC/p։ OC/p
to be the inverse perfection of OC/p. And one has the following lift of the natural
projection
θ : W (O♭C)→ OC
which is surjective and its kernel is generated by a regular element.
Let Acris(OC) ։ OC be the p-adically completed divided power hull of θ over
Zp (with respect to the usual divided power structure on pZp). It is known that
Acris(OC) is p-torsion free.
One can check that the Witt vector Frobenius σ of W (O♭C) naturally extends to
Acris(OC), which we also denote by σ. If C = K̂ then the natural ΓK -action on
W (O♭C) extends to Acris(OC), and the natural projection Acris(OC) → OC/p and
σ : Acris(OC)→ Acris(OC) are ΓK -equivariant.
Recall that Acris(OC) → OC is initial among p-adic divided power thickenings
of OC over Zp (with the natural divided power structure on pZp); cf. [Fon94a,
§§ 2.2]. As an application, note that W (OC) is a p-adic divided power thickening
of OC over Zp. Therefore, by the universal property, we have a natural divided
power morphism
(3.1.1) Acris(OC)։W (OC).
This morphism commutes with the natural Frobenius endomorphisms on the both
sides, and if C = K̂ then it is ΓK -equivariant.
We choose a compatible sequence of primitive pnth root of unity ǫ ∈ O♭C , and
write t := log([ǫ]) ∈ Acris(OC), which is a regular element. We set Bcris(OC) :=
Acris(OC)[
1
pt ] = Acris(OC)[
1
t ].
Let us review the crystalline Dieudonné theory over OC . By [SW13, Theorem A]
the covariant Dieudonné module functor for Barsotti-Tate groups over OC/p
X  (D(X )∨Acris(OC),Φ),
is fully faithful. Note that there is no ambiguity in the notation as the covari-
ant Dieudonne crystal of X can be canonically identified with the dual of D(X );
however the Frobenius satisfies Φ = p · ϕ where ϕ is the contragradient of the
contravariant crystalline Frobenius (after inverting p).
From [SW13, Theorem A] and the Grothendieck-Messing deformation theory
(using p > 2), we obtain the following fully faithful functor
(3.1.2) X  (D(X )∨Acris(OC),Fil
0(D(X )∨Acris(OC)),Φ),
associating to a Barsotti-Tate group X over OC the the covariant Dieudonné mod-
ule (D(X )∨Acris(OC),Φ) of XOC/p together with the filtration
Fil0(D(X )∨Acris(OC)) := ker(D(X )
∨
Acris(OC)
։ Lie(X )).
Note that this functor sends Qp/Zp to (Acris(OC), Acris(OC), pσ). With further
work, one can show that Φ1 = Φp : Fil
0(D(X )∨Acris(OC)) → (D(X )∨Acris(OC)) is well
defined and its image generates the target, hence defining a “crystalline Dieudonné
window” in the sense of [Lau18, Theorem 6.3]; cf. [Kim15, Lemma 4].
Let X be a Barsotti-Tate group over OC , and let T (XC) denote the integral Tate
module. Recall that we have natural isomorphisms
T (XC) ∼= HomOC (Qp/Zp,X ).
25
Now, applying the fully faithful functor (3.1.2), we obtain a natural isomorphism
T (XC) ∼= (Fil0D(X )∨Acris(S˜))
Φ1=1;
In particular, we obtain a natural comparison morphism
(3.1.3) βX : T (XC)⊗Zp Acris(OC)→ D(X )∨Acris(OC),
which is compatible with the filtrations (where the filtration on the left hand side is
defined by setting Fil1Acris(OC) to be the kernel of the natural projection ontoOC).
Furthermore, the natural Frobenius endomorphism 1⊗σ on the source corresponds
to Φ1 on the target. If C = K̂ and X is defined overOK , then the morphism (3.1.3)
is ΓK -equivariant in the natural way.
Let us recall the following result of Faltings [Fal99, § 6, Theorem 7].10
Proposition 3.1.4. The comparison morphism βX (3.1.3) induces a natural iso-
morphism
T (XC)⊗Zp Bcris(OC) ∼= D(X )∨Acris(OC)[ 1t ]
by inverting t.
3.2. Integrality of tensors: the case of complete discrete valuation ring. Let K
be a complete discretely valued extension of Qp with ring of integers OK , and let
X be a Barsotti-Tate group over OK . Let C := K̂. In this section, we will invest-
igate the relationship between ΓK-invariant tensors tét ∈ T (XC)⊗ and Frobenius-
invariant tensors t ∈ (D(X )∨W (OK ))⊗. Our starting point is the p-adic comparison
theorem (Proposition 3.1.4).
By the previous section, any tensor tét ∈ T (XC)⊗ induces a tensor tét ⊗ 1 of
D(X )∨Acris(OC)[
1
t ]. We would like to show that (under some extra assumption)
tét ⊗ 1 lies in D(X )⊗Acris(OC), without inverting t. This claim does not follow from
the integrality of tét and βX (T (XC)) ⊂ D(X )∨Acris(OC) since we have the opposite
inclusion for their duals.
Proposition 3.2.1. Let OK be a complete discrete valuation ring of mixed char-
acteristic (0, p) with fraction field K, and write C := K̂. Let X be a Barsotti-
Tate group over OK . Then for any ΓK -invariant tensor tét ∈ T (XC)⊗, the tensor
tét ⊗ 1 ∈ D(X )⊗Acris(OC)[ 1t ], constructed above, lies in D(X )
⊗
Acris(OC)
.
Proof. To prove the proposition, we may replace K with some discretely valued
subextension of K in C. Therefore, it is sufficient to handle the case when the
residue field κ of OK is perfect.
Let us choose a uniformiser ̟ ∈ OK and its pnth root ̟n ∈ OC in a compatible
manner (with ̟0 = ̟), and set ̟♭ := (̟n)n>0 ∈ O♭C . Then we have a map
W (κ)[[u]] → W (O♭C) by sending u to [̟♭], so we also obtain a map W (κ)[[u]] →
Acris(OC). Note that this map is Frobenius-equivariant where the Frobenius acts
onW (κ)[[u]] by
∑
[ai]u
i 7→∑[api ]ui·p
By the theory of Kisin modules over OK , we have a covariant fully faithful ⊗-
functor M(•) from Galois-stable lattices in some crystalline representation of K to
Kisin modules (cf. [Kis06, §§ 2.1] or [KP18, Theorem 3.3.2]). Therefore, we obtain
a finite freeW (κ)[[u]]-module M(T (XC)) and t˜ := M(tét) ∈M(T (XC))⊗.
On the other hand, we have M(T (XC))∨ ⊗W (κ)[u],σ S ∼= D(X )S where S is the
p-adically completed divided power hull ofW (κ)[[u]]։ OK with u 7→ ̟; cf. [Kis06,
10Although Faltings [Fal99] works with the divided power completion of Acris(OC) in place of
Acris(OC), the essentially same proof work over Acris(OC).
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§§ 2.2]. (See also [Kis10, Theorem 1.4.2].) Since the map W (κ)[[u]] → Acris(OC)
extends to S → Acris(OC), we obtain the following natural isomorphism
(3.2.2) M(T (XC))⊗W (κ)[u],σ Acris(OC) = D(X )∨Acris(OC),
respecting the Frobenius operators and filtrations (where the filtration onM(T (XC))
is defined as in [Kis10, §§ 1.2]).
It remains to show that the isomorphism (3.2.2) matches t˜ ⊗ 1 and tét ⊗ 1. We
can verify this claim after inverting t. Now, recall that for any crystalline ΓK -
representation V and a ΓK-stable Zp-lattice T ⊂ V we have a natural isomorphism
Fil0
(
M(T )⊗ ⊗W (κ)[u],σ Bcris(OC)
)ϕ=1 ∼= Fil0 (Dcris(V )⊗ ⊗W (κ) Bcris(OC))ϕ=1 ,
where the filtration on M(T )σ was defined as in [KP18, 3.3.1]. (This isomorph-
ism can be read off from [Kis06, proof of Proposition 2.1.5]; indeed, the proof
in loc. cit. implies that each of the injective morphisms [Kis06, (2.1.6), (2.1.7),
(2.1.8)] is an isomorphism, which implies the desired isomorphism above.) In par-
ticular, the above isomorphism should match t˜ ⊗ 1 and Dcris(tét), which are fixed
by the Frobenius operator and lie in the 0th filtration. Therefore, the isomorphism
(3.2.2) matches t˜⊗ 1 and tét ⊗ 1. 
Recall that we have a divided power morphism Acris(OC)։W (OC) commuting
with the natural Frobenius endomorphisms and ΓK -action; cf. (3.1.1). So we have
a natural ΓK -equivariant isomorphism
D(X )∨Acris(OC) ⊗Acris(OC) W (OC) ∼= D(X )∨W (OC ),
commuting with the natural Frobenius operators. Therefore, we may view tét ⊗ 1
as a tensor of D(X )∨W (OC), invariant under the Frobenius- and ΓK - actions.
Corollary 3.2.3. The tensor tét⊗1 ∈ (D(X )∨W (OC))⊗, defined above, lies in (D(X )∨W (OK))⊗.
Proof. Note that D(X )⊗W (OC )
∼= D(X )⊗W (OK) ⊗W (OK) W (OC), so to prove the co-
rollary it suffices to show that OΓKC = OK . If the residue field of OK admits a finite
p-basis, this assertion follows from [Hyo86, Theorem 1]. 
So far, we have associated, to a ΓK -invariant tensor tét ∈ T (X )⊗, a Frobenius-
invariant tensor tét ⊗ 1 ∈ (D(X )∨W (OK))⊗. We finish this section by discussing the
way to reverse engineering.
We continue to assume that OK is a complete discrete valuation ring of mixed
characteristic (0, p), and we additionally assume that its residue field κ is perfect.
Then for any Barsotti-Tate group X over OK , we have a Frobenius-equivariant
isomorphism
D(X )W (OK )
∼= D(XOK/p)W (OK ),
where the right hand side makes sense since W (OK) is a p-adic divided power
thickening of OK/p.
Recall that XOK/p is isogenous to X
σn
OK/p
for any n by nth iterated Frobenius,
and for n ≫ 1 we have X σnOK/p ∼= (X σ
n
κ )OK/p, which is in turn isogenous to
(Xκ)OK/p by the nth iterated Frobenius. Therefore, choosing n ≫ 1 we obtain
a Frobenius-equivariant isomorphism
(3.2.4a) D(Xκ)∨W (κ) ⊗W (κ) W (OK)[ 1p ] ∼= D(X )∨W (OK)[ 1p ],
lifting the identity map on D(Xκ)∨W (κ)[
1
p ]. One can show without difficulty that
there is at most one Frobenius-equivariant lift (3.2.4a) of the the identity map on
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D(Xκ)
∨
W (κ)[
1
p ], by the same proof as [KP18, Lemma 3.1.17]. Similarly, by scalar
extension with respect to W (OK)Q ։ K, we obtain
(3.2.4b) D(Xκ)∨W (κ) ⊗W (κ) K ∼= D(X )∨OK ⊗OK K,
which coincides with the isomorphism defining the admissible filtered isocrystal
structure on D(Xκ)∨W (κ)[
1
p ].
Then the following statements are immediate from the above discussion;
Lemma 3.2.5. Let t be a Frobenius-invariant tensor of D(X )∨W (OK)[
1
p ]. Then t is
uniquely determined by its image t¯ ∈ (D(Xκ)∨W (κ)[ 1p ])⊗.
Proof. To show that t is uniquely determined by t¯, it suffices to show that the iso-
morphism (3.2.4a) sends t¯ ⊗ 1 to t, which can be seen by repeating the proof of
[KP18, Lemma 3.2.13]. The rest of the claim is clear. 
Corollary 3.2.6. We continue to use the setting of Lemma 3.2.5, and assume in addi-
tion that the image of t in (D(X )∨OK ⊗OK K)⊗ lies in the 0th filtration with respect to
the Hodge filtration. We consider the ΓK -invariant tensor tét := Vcris(t) ∈ T (XK)⊗Q
(with the usual covariant definintion of Vcris as in [Fon94b, 5.5.1]).
Then, t is uniquely determined by tét. If furthermore tét is integral (i.e., if tét ∈
T (XK)
⊗), then t coincides with the tensor obtained from tét ⊗ 1 in Corollary 3.2.3.
Proof. We use the notation of Lemma 3.2.5, and assume that the image of t lies in
the 0th filtration with respect to the Hodge filtration. Then tét determines t¯, which
in turn determines t by Lemma 3.2.5.
Assume furthermore that tét is integral. To show the last claim, it suffices to
compare t and tét⊗1 after inverting p. Then by Lemma 3.2.5, it suffices to compare
their images in (D(Xκ)∨W (κ)[
1
p ])
⊗). On the other hand, both tensors reduces to t¯ by
construction. 
3.3. Descent to display tensors over S . For any Barsotti-Tate group X over a
p-adic ring S, we set
P (X ) := D(X )∨W (S)
for the simplicity of notation.
Let S be a p-adic formal scheme. Then by the fpqc descent theory for Witt rings
[Zin02, §1.3, Lemma 30], we obtain a sheaf of rings W (OS) over S such that for
any open affine formal subscheme Spf S ⊂ S we have Γ(Spf S,W (OS)) = W (S).
Furthermore, also from loc. cit. it follows that given any Barsotti-Tate group X
overS we obtain a locally freeW (OS)-module P (X ) such that for any open affine
formal subscheme Spf S ⊂ S we have
Γ(Spf S, P (X )) = P (XS) = D(XS)
∨
W (S).
When S is affine, Lau [Lau13, Proposition 2.1] gave a natural structure of dis-
play to P (X ) compatible with the crystalline Frobenius and Verschiebung oper-
ator. When S is any p-adic formal scheme, the display structure on P (X ) over any
affine open formal subschemes patches together by fpqc descent theory for displays
[Zin02, §1.3, Theorem 32]; in other words, we obtain aW (OS)-submodule P1(X )
of P (X ), and σ-linear morphisms Φ: P (X ) → P (X ) and Φ1 : P1(X ) → P (X )
by glueing Zariski-locally defined display structure over affine open formal sub-
schemes. And just as in the case of Dieudonné displays, if S is topologically
flat over Zp then Φ and Φ1 are determined by the W (OS)-linear isomorphism
Ψ: P˜1(X )
∼→ P (X ), where P˜1(X ) is the image of P1(X )σ in P (X )σ and Ψ
is induced by the linearisation of Φ1.
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If S is a complete local noetherian ring with perfect residue field and X is a
Barsotti-Tate group over S, then we have a Dieudonné display M(X ) (§§ 2.1).
Then by comparison with the Dieudonné crystal, it follows that
P (X ) ∼= M(X )⊗W(S) W (S).
Therefore, when S = RG is the Kisin-Pappas deformation ring (Definition 2.3.1),
the tensors tdefα ∈M(X def)⊗ constructed by Kisin-Pappas (cf. the paragraph below
Definition 2.3.1) can be viewed as elements in P (X def)⊗.
The main result of this section is the following proposition:
Proposition 3.3.1. We continue to assume that p > 2. Let Ŝ denote the p-adic
completion of S ⊗OE OE˘ , and let XG as the universal p-divisible group over Ŝ .
Then there exists a family of Ψ-invariant tensors (tα) in P (XG)⊗ such that for every
z ∈ S (F¯p) the restriction of tα to the formal neighbourhood of z coincides with tdefα,z.
The proof uses the absolutely Hodge cycles on the universal abelian varieties,
which we briefly review now. We view the Tate module T (XG) of XG as a Zp-local
system over ShK(G,X), so that its fibre at any geometric generic point η¯ of ShK(G,X)
is T (XG,η¯). Then from the étale components of absolute Hodge cycles (tα,ét) on the
universal abelian schemes, we obtain the following maps of Zp-local systems
tα,ét : 1→ T (XG)⊗.
or equivalently, π1(ShK(G,X), η¯)-invariant sections (tα,ét) of T (XG,η¯)⊗.
Furthermore, as a byproduct of the construction of Kisin-Pappas integral models
S , the de Rham components of absolute Hodge cycles extend integrally and give
the following tensors
tα,dR ∈ (P (XG)⊗W (O
Ŝ
) OŜ )⊗.
Furthermore, the tensors (tα,dR) globalise the “de Rham components” of (tdefα,z) con-
structed at the formal neighbourhood at any z ∈ S (Fp). (This statement can be
read off from the statements and proof of [KP18, Propositions 4.2.2, 4.2.6].)
We now show that (tα,ét) and (tα,dR) are associated via the rigid analytic de Rham
comparison isomorphism in the sense of [Sch13, Theorem 8.8]. To explain, let
π : AG → S denote the structure sheaf. We set S := Ŝ adE˘ and pull back the abelian
scheme to obtain π : A → S. We use the basic notation from [Sch13] without
reviewing it here.
By [Sch13, Theorem 8.8], we have the following horizontal isomorphism of
proétale OBdR,S -modules:
(R1πét,∗Zp)
∧ ⊗
Zˆp
OBdR,S ∼= (R1πdR,∗OA)⊗OS OBdR,S .
(If L is an étale Zp-local system, (L )∧ denote the associated proétale Zˆp-local
system.) Furthermore, the horizontal parts (i.e., sections annihilated by ∇) we
obtain an isomorphism of BdR,S -local systems:
(R1πét,∗Zp)
∧ ⊗
Zˆp
BdR,S ∼=
(
(R1πdR,∗OA)⊗OS OBdR,S
)∇=0
.
Both (tα,ét) and (tα,dR) induce tensors on this BdR-local system. Indeed, the
étale tensors (tα,ét) can be pulled back to the tensors on the BdR-local system,
and the horizontal tensors (tα,dR) of R1πdR,∗OA give rise to horizontal tensors of
(R1πdR,∗OA)⊗OS OBdR.
Proposition 3.3.2. The tensors of BdR,S -local systems defined by (tα,ét) and (tα,dR)
are equal.
29
Proof. Let SΓ(p∞) denote the preimage of S in the perfectoid Shimura variety associ-
ated to (G,X); cf. [Sch15, Theorem IV.1.1]. Since the BdR,S-tensors are determined
proétale-locally and SΓ(p∞) is a proétale covering of S, it suffices to compare the
tensors over SΓ(p∞).
By construction the étale Zp-local system R1πét,∗Zp pulls back to a constant
local system over SΓ(p∞), so the associated BdR,SΓ(p∞)-local system is also constant.
Therefore, the proposition can be verified at the fibre at a point in each connected
component. On the other hand, the BdR,SΓ(p∞)-tensors (tα,ét) and (tα,dR) have the
same fibre at the preimage in SΓ(p∞) of any classical point of S, by the theorem of
Blasius and Wintenberger; cf. [KP18, proof of Proposition 4.2.2]. 
Let Spf S ⊂ Ŝ be an open affine connected formal subscheme. Since S is
normal, it follows that S is a normal domain. We choose a minimal open prime
p ⊂ S. Then the completion Ŝp is a p-adic discrete valuation ring.
Let C be the completion of the algebraic closure of Frac(Ŝp). Then, by Proposi-
tion 3.1.4 we have a natural isomorphism
T (XG,C)⊗Zp Bcris(OC) ∼= D(XG,OC )Acris(OC)[ 1t ].
Therefore we have the following natural isomorphism:
(3.3.3)
T (XG,C)⊗Zp BdR(OC) ∼= D(XG,OC )∨Acris(OC) ⊗Acris(OC) BdR(OC)
∼= D(XG,κp)∨W (κp) ⊗W (κp) BdR(OC)
∼= D(X
G,Ŝp
)∨
Ŝp
⊗Ŝp BdR(OC),
where κp is the residue field of Ŝp. (To see the last two isomorphisms, we choose
a complete discretely valued subfield K ⊂ C containing Ŝp, with perfect residue
field κ. Then for a Barsotti-Tate group X over OK , we have D(X )Acris(OC)[
1
p ]
∼=
D(Xκ)W (κ) ⊗W (κ) B+cris(OC) and D(Xκ)W (κ) ⊗ K ∼= D(X )OK ⊗OK K. We apply
these isomorphisms to X = XG,OK .)
Corollary 3.3.4. The isomorphism (3.3.3) matches (tα,ét ⊗ 1) and (tα,dR ⊗ 1).
Proof. Let vp denote a p-adic norm on Ŝp[ 1p ]. Then vp restricts to a continuous
rank-1 valuation of S[ 1p ], so it defines a rank-1 point ξ ∈ Spa(S[ 1p ], S) ⊂ S. By
construction, the residue field at ξ is (Ŝp[ 1p ], Ŝp).
We choose a geometric point ξ¯ of S over ξ, valued in (C,OC). Then the iso-
morphism (3.3.3) can be obtained as the fibre at ξ¯ of the de Rham comparison
isomorphism (R1πét,∗Zˆp)∧ ⊗Zˆp BdR,S ∼= ((R1πdR,∗OA)⊗OS OBdR,S)∇=0. Therefore,
the corollary now follows from Proposition 3.3.2. 
Let p ⊂ S be a minimal open prime as above. Then the residue field κp :=
Frac(S/p) admits a finite p-basis given by local coordinates of the smooth locus in
SpecS/pS containing p. Therefore, by Corollary 3.2.3 we obtain tensors (tα,ét ⊗ 1)
of P (X
G,Ŝp
).
We want to compare these tensors with the “display tensors” tdefα,z ∈ M(XG,Ŝz)⊗
at the formal neighbourhood of z ∈ (Spf S)(F¯p) constructed via the deformation
theory (cf. §§ 2.3, Proposition 2.4.2). Since we can associate to tα,ét “display
tensors” only over Ŝp for minimal open primes p ⊂ S, we first compare the tensors
over the formal neighbourhood of pŜz. (Note that pŜz is a prime ideal; i.e., the
completion (S/p)∧z ∼= Ŝz/pŜz is a domain. This is because S/p is normal by Corol-
lary 2.4.3.)
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Proposition 3.3.5. The two tensors (tα,ét ⊗ 1) and (tdefα,z ⊗ 1) have the same image
over W ((Ŝz)∧p ).
Proof. We may verify the proposition overW (OK) for some extension OK of (Ŝz)∧p
as complete discrete valuation rings. Let us choose a complete discrete valuation
ring OK over (Ŝz)∧p with perfect residue field κ, and write X := XG,OK .
Let C := K̂. Then by Corollary 3.2.6 the tensors (tdefα,z) induce ΓK -invariant
tensors, say (tdefα,ét,K), of T (XC)[
1
p ]. By construction of (t
def
α,ét,K), it follows from
Corollary 3.3.4 that the natural isomorphism
T (XC)⊗Zp BdR(OC) ∼= D(X )∨OK ⊗OK BdR(OC)
matches (tdefα,ét,K) and the image of the display tensors (t
def
α,z) in D(X )
⊗
OK
.
Now, recall that the images of tdefα,z and tα,dR in D(X )
⊗
OK
coincide; cf. [KP18,
proof of Proposition 4.2.6]. Since tα,ét and tα,dR are related by the p-adic de Rham
comparison (by the theorem of Blasius and Wintenberger), we may apply Corol-
lary 3.3.4 to tα,ét and conclude that the tensors (tα,ét) and (tdefα,ét,K) have the same
images in (T (XC) ⊗Zp BdR(OC))⊗. This shows that tα,ét = tdefα,ét,K . Now, we con-
clude the proof since Ψ-invariant tensors of P (X ) are uniquely determined by the
associated ΓK -invariant étale tensors (if they exist) by Corollary 3.2.6. 
We want to deduce from Proposition 3.3.5 that (tα,ét) ⊂ P (XG,Ŝp)⊗ extends to
P (XG,S)
⊗. For this, we need the following lemma:
Lemma 3.3.6. Let S be a topologically finitely generated normal flatOE˘ -algebra such
that Spec(S ⊗O
E˘
F¯p) is reduced with normal irreducible components. Let t ∈
∏
p Ŝp
where the product is over all minimal open prime ideals p ∈ Spf S, and assume that
for any z ∈ (Spf S)(F¯p), the image of t in
∏
p(Ŝz)
∧
p lies in Ŝz. Then t ∈ S.
The same statement holds if we replace S, Ŝz and Ŝp with the rings of Witt vectors
thereof.
Proof. The claim for the Witt vectors follows from the first claim by inspecting each
Witt component.
For convenience, we choose a uniformiser ̟ of E˘. Then ̟ is a uniformiser of Ŝp
for any minimal open prime ideal p ∈ Spf S. Let κp = Ŝp/(̟) denote the residue
field. Let t ∈ ∏p Ŝp be as in the statement. Then since S is closed in ∏p Ŝp for the
̟-adic topology, it suffices to show that t mod (̟n) lies in S/̟nS for each n.
Let us write S¯ := S/̟S and ̂¯Sz := Ŝz/̟Ŝz. For any f in S, Ŝz or Ŝp, we
write f¯ := f mod (̟). For t as in the statement, let us first show that t¯ ∈ S¯. By
reducedness, S¯ injects into
∏
p κp, which is the total fraction ring of S¯. Therefore,
t¯ defines a section of the structure sheaf over some non-zero open U ⊂ Spec S¯.
On the other hand, the condition on the image of t¯ on
∏
p Frac(
̂¯Sz/p̂¯Sz) implies
that t¯ lies in the local ring S¯z for any closed point z ∈ (Spec S¯)(F¯p), so we may
take U to contain all closed points. Now, since S¯ is finitely generated over F¯p
(so S¯ is Jacobson), we may take U = Spec S¯ by Zariski density. This shows that
t¯ ∈ Γ(Spec S¯,O) = S¯.
Now, assuming that t mod (̟n) lies in S/̟nS, we want to show that t mod
(̟n+1) lies in S/̟n+1S. We choose a lift t(n) ∈ S of t mod (̟n), and set u¯ :=
̟−n(t − t(n)) ∈ ∏p κp. Then by the assumption on t, it follows that the image
of u¯ in
∏
p Frac(
̂¯Sz/p̂¯Sz) lies in ̂¯Sz for any z ∈ (Spf S)(F¯p). Therefore, by the
previous paragraph, we have u¯ ∈ S¯. Choosing a lift u ∈ S of u¯, t(n) +̟nu ∈ S is
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congruent to t modulo (̟n+1). Now by sending n→∞, we conclude that t ∈ S by
completeness. 
Proof of Proposition 3.3.1. To prove the proposition, it suffices to construct the tensors
(tα) over any open affine formal subscheme Spf S ⊂ Ŝ with the desired description
at each formal neighbourhood; indeed, the description at each formal neighbour-
hood allows the Zariski-locally constructed tensors to glue via the fpqc descent
theory for flat modules over Witt rings (cf. [Zin02, §1.3, Lemma 30]). We may
and do assume that each S is a normal domain, and the display P (XG,S) is free
over W (S). (To ensure the freeness, we refine the open covering {Spf S} so that
P (X )G,S ⊗W (S) S is free over S. Then it follows that P (XG,S) is also free over
W (S) by Nakayama’s lemma.)
For any minimal open prime ideal p ⊂ S, we have already constructed the
tensors (tα,ét ⊗ 1) of P (XG,Ŝp) associated to the étale tensors (tα,ét) via Proposi-
tion 3.2.1. Furthermore, by Proposition 3.3.5 these tensors (tα,ét⊗ 1) coincide with
Kisin-Pappas tensors (tdefα,z ⊗ 1) overW ((Ŝz)∧p ) for any z ∈ (Spf S)(Fp).
Note that Spec(S⊗O
E˘
F¯p) is reduced with normal irreducible components (cf. Co-
rollary 2.4.3). So by fixing a W (S)-basis of P (XG,S) and inspecting the individual
coordinates of
tα,ét ⊗ 1 ∈
∏
p
P (XG,S)⊗W (S) W (Ŝp),
it follows from Lemma 3.3.6 that tα,ét ⊗ 1 ∈ P (XG,S)⊗. And by construction, it has
the desired description at the formal neighbourhood of z ∈ (Spf S)(F¯p). 
Corollary 3.3.7. Let S¯ perf denote the perfection of the geometric special fibre S¯ ,
and let ν : S¯ perf → S¯ denote the natural projection. Then there exists a family of
crystalline Tate tensors (t¯α) on ν∗A¯G[p∞] such that for every z ∈ S¯ (F¯p) the restriction
of (t¯α) to the formal fibre over z coincides with the pullback of (t¯defα,z). Furthermore, for
any z˜ ∈ S (OK) lifting z ∈ S¯ (F¯p) = S¯ perf(F¯p), where K is a finite extension of E˘,
the crystalline comparison matches tα,ét,z˜ ∈ Tp(AG,z˜)⊗ with t¯α,z ∈M(AG,z[p∞])⊗.
Proof. We use the notation from the proofs of Proposition 3.3.1 and Lemma 3.3.6.
We set
{t¯α := tα ⊗ 1 ∈ P (XG)⊗ ⊗W (O
Ŝ
) W (OS¯ perf )}
over the perfection S¯ perf . By construction of {tα ∈ P (X ⊗G )}, these tensors at the
formal neighbourhood of z ∈ (S¯ )(F¯p) coincide with the pullback of {tdefα,z}. Finally,
to obtain the comparison of {t¯α}with the étale tensors {tα,ét} at z˜ ∈ S (OK) (lifting
a closed point z), it suffices to restrict the tensors to the formal neighbourhood of z.
Now, using the description of the formal neighbourhoods given in Proposition 2.4.2,
the claim follows from Proposition 3.3.5. 
Corollary 3.3.8. Let b ∈ G(Q˘p).
(1) The Newton stratum S¯ b(F¯p) is locally closed in S¯ (F¯p).
(2) The central leaf C¯b(F¯p) is closed in S¯ b(F¯p).
Proof. For simplicity let S := S¯ perf and V := D(AG[p∞]S)(W (OS)). Note that
(S,W (OS)) is a formal scheme, more precisely the unique flat lift of S over Spf Zp.
Since Isom
(
(V, (tα)), (M⊗W (OS), (sα⊗1))
)
is a closed subfunctor of Isom(V,M⊗
W (OS)), it is representable by a formal scheme G, which is affine and of finite type
over (S,W (OS)). As G is isomorphic to Gx over the (Witt vectors of the) formal
fibre of any z ∈ S¯ (F¯p), we get that it is flat over any z ∈ S(F¯p) by flat descent.
Since S is Jacobson, it follows that G → (S,W (OS)) is flat and thus a Gx-torsor.
Since Gx is smooth, G is a torsor for the étale topology; in other words, (V, tα)
becomes isomorphic to (M, sα) after an étale base change.
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Denote byLG the sheaf on the étale site of S given byLG(U) = G(W (OS(U))[ 1p ]).
This is indeed a sheaf since W (OS)[ 1p ] is (cf. [Sta, 009F]). By the above observa-
tion P := Isom((V[ 1p ], tα), (M ⊗W (OS)[ 1p ], sα ⊗ 1)) is an étale LG-torsor and the
Frobenius corresponds to an isomorphism τ : σ∗P ∼→ P . For any V ∈ RepQpG let
F(V ) := (P × LV )/LG, τ × id)
where LV := V ⊗Qp W (OS)[ 1p ] and the LG-action on P ×LV is given by g.(p, v) =
(g.p, g−1(v)). Then F is an F -isocrystal with G-structure in the sense of Rapoport
and Richartz, whose isomorphism class over any F¯p-point z is given by [gz]. Thus
the Newton stratum S¯ b(F¯p) ⊂ S¯ (F¯p) is locally closed [RR96, Thm. 3.6]. Now
C¯b(F¯p) is closed in S¯ b(F¯p) by [Oor04, Thm. 2.2] and [Ham17, sect. 2.3, Lemma 2].

4. RAPOPORT-ZINK SPACES OF HODGE TYPE WITH PARAHORIC LEVEL
In this section we define Rapoport-Zink spaces with parahoric and Bruhat-Tits
level. We follow the construction of Howard and Pappas in the hyperspecial case in
[HP17]; however we will not obtain a nice moduli description as in the hyperspecial
case since the Rapoport-Zink spaces with parahoric level fail to be smooth.
4.1. Local Shimura data. We recall the following definition from the article of
Rapoport and Viehmann [RV14]
Definition 4.1.1 ([RV14, Def. 5.1]). A local Shimura datum over Qp is a triple
(G, [b], {µ}) in which G is a connected reductive group, [b] is a σ-conjugacy class in
G(Q˘p) and {µ} is a G(Qp)-conjugacy class of cocharacters µ : Gm,Qp → GQp such
that the following conditions are satisfied.
(1) {µ} is minuscule.
(2) [b] is contained in the set of neutral acceptable elements B(G, {µ}).
We will consider a subclass of local Shimura data with the following two addi-
tional assumptions.
Definition 4.1.2. Let (G, [b], {µ}) be a local Shimura datum over Qp.
(1) (G, [b], {µ}) is called tamely ramified if G splits over a tamely ramified
extension of Qp.
(2) (G, [b], {µ}) is called of Hodge type if there exists a faithful representation
ρ : G →֒ GLn such that the central torus is contained in the image of ρ
and (GLn, ρ([b]), {ρ(µ)}) is a local Shimura datum. We call the quadruple
(G, [b], {µ}, ρ) an embedded local Shimura datum of Hodge type.
Let S ⊂ G be a maximal Q˘p-split torus defined over Qp and T its centraliser.
By Steinberg’s theorem G
Q˘p
is quasi-split, thus T is a maximal torus. Let N be its
normaliser and let T (Q˘p)1 ⊂ T (Q˘p) be its (unique) parahoric subgroup. Denote by
W0 := N(Q˘p)/T (Q˘p)
the finite Weyl group of G
Q˘p
, and denote by
W˜ := N(Q˘p)/T (Q˘p)1
its Iwahori-Weyl group. Choosing a special vertex, we have W˜ = X∗(T )I ⋊W0.
Moreover, the affine Weyl group embeds into W˜ as semi direct factor; a splitting
corresponds to the choice of an alcove in the apartment A(T, Q˘p) of T . Fixing such
a choice, we extend the Bruhat order on the affine Weyl group to W˜ , denoted by
≤, via the canonical choice. Recall that W˜ parametrises double cosets of G(Q˘p)
33
by parahoric subgroups corresponding to points in A(T, Q˘p). More precisely, let
W x := N(Q˘p) ∩ G ◦x (Z˘p)/T (Q˘p)1 for x ∈ A(T, Q˘p). By [PR08, Appendix, Prop. 8]
the canonical embedding N(Q˘p) →֒ G(Q˘p) induces an isomorphism
W x1\W˜/W x2 ∼→ G ◦x1(Z˘p)\G(Q˘p)/G ◦x2(Z˘p).
We will mostly be interested in the double cosets corresponding the µ-admissible
set defined in [Rap05, (3.4)], which can be described as
Adm(µ) := {w˜ ∈ W˜ | ∃w ∈W0 : w˜ ≤ w(µ)}.
We will later on require the existence of a completely slope divisible Barsotti-
Tate group with additional structure corresponding to some embedded Shimura
datum. The group theoretic analogue of “completely slope divisible” for an element
b ∈ G(Q˘p) is being descent, i.e. for some integer s we have
(bσ)s = (s · ν)(p)σs.
Lemma 4.1.3. There exists a decent element b0 ∈ [b] ∩
⋃
w˜∈Adm(µ) G
◦
x (Z˘p)w˜G
◦
x (Z˘p).
Proof. By [Kim18a, Lemma 2.2.10] any element of W˜ has a decent lift to N(Q˘p).
Thus it suffices to prove that Adm(µ) ∩ [b] is non-empty. This is proven in [He16,
Theorem 2.1]. 
4.2. Affine Deligne-Lusztig varieties of Hodge type. We fix a embedded local
Shimura datum (G, [b], {µ}, ρ)with the property that (G, [b], {µ}) is tamely ramified
for the remainder of this section and denote [b′] := ρ([b]), {µ′} := {ρ(µ)} and by
c : Gm → G the cocharacter giving scalar multiplication. Since we are interested in
the affine Deligne-Lusztig varieties associated to Shimura varieties of Hodge type,
we moreover assume that ρ is a symplectic embedding and that µ′ = (0(g), 1(g)).
Let x, x′,G ◦x ,Gx,G
′
x′ be as in section 2.2 where we set G
′ = GSpn and assume x
′
hyperspecial. We denote by (Λ, ψ) ⊂ Qnp the self-dual lattice corresponding to x′.
For any smooth affine group scheme G over Zp with reductive generic fibre
we denote by GrG the corresponding Witt vector affine Grassmannian ([Zhu17,
§1.4.1]). The functor GrG is represented by an inductive limit of perfection of
projective varieties by [BS17, Cor. 9.6]. In particular, any locally closed perfect
subscheme is uniquely determined by its Fp-valued points.
First consider the classical affine Deligne-Lusztig varietyXµ′(b′)K′p ⊂ GrG ′x′ given
by
Xµ(b
′)K′p(Fp) := {g · K′p ∈ G′(Q˘p)/K′p | g−1bσ(g) ∈ K′pµ′(p)K′p}
We assume that b ∈ G(Q˘p) is a decent element satisfying the constraints of Lemma 4.1.3
and that b′ = ρ(b). We denote by (X, λX) the Barsotti-Tate group with polar-
ised Dieudonné module (Λ ⊗Zp Z˘p, ψ ⊗ 1, b′σ∗). Using Dieudonné theory (see e.g.
[Zhu17, Prop. 3.11]), one obtains that Xµ′(b′) is the perfection of the reduced spe-
cial fibre of the Rapoport-Zink space Mb
′
which is the formal scheme over Spf Z˘p
given by
Mb
′
(R) =
{
(X , λ, ϕ) | (X , λ) polarised BT of height 2g over R
ϕ : (X, λX)⊗R/p→ (X , λ) ⊗R/p quasi-isogeny
}
.
Similarly as above, we define Xµ(b) ⊂ GrGx by
Xµ(b)Kp(Fp) := {g · Kp ∈ G(Q˘p)/Kp | g−1bσ(g) ∈
⋃
w˜∈Adm(µ)
Kpw˜Kp}.
Let Jb denote the twisted centraliser of bσ, i.e. it denotes the linear algebraic group
over Qp given by
Jb(R) = {g ∈ G(R ⊗Qp Q˘p) | g−1b(1⊗ σ)∗(g) = b}.
34 P. HAMACHER, W. KIM
Then Jb(Qp) acts on Xµ(b)Kp via left multiplication, as this does not change the
value of g−1bσ(g).
Remark 4.2.1. To compare our definition with the more standard definition of the
affine Deligne-Lusztig variety with parahoric level, let G ◦x denote the parahoric
group scheme corresponding to x, K◦p = G
◦
x (Zp) and let
Xµ(b)K◦p(Fp) = {g · K◦p ∈ G(Q˘p)/K◦p | g−1bσ(g) ∈
⋃
w˜∈Adm(µ)
K◦pw˜K
◦
p}.
Since the positive loop group of the parahoric group scheme L+G ◦x is the unit com-
ponent of L+Gx by [PR08, Appendix, Prop. 3], the canonical morphism GrG ◦x →
GrGx can be identified with
∐
Kp/K◦p
GrGx → GrGx . In particular the (standard) af-
fine Deligne-Lusztig variety Xµ(b)K◦p with parahoric level is also a disjoint union of
copies of Xµ(b)Kp .
In order to give a modular description of Xµ(b)Kp , we choose tensors (sα) in Λ
⊗
such that Gx is their stabiliser. This yields crystalline Tate-tensors tX,α := sα ⊗ 1
on X. Note that ρ induces an embedding ρGr : GrGx →֒ GrG ′
x′
mapping Xµ(b)Kp
into Xµ′(b′)K′p . Moreover, it was proven in [Zho, Prop. 3.4] that the image of⋃
w˜∈Adm(µ) Kpw˜Kp in K
′
pµ(p)K
′
p/K
′
p
∼= (M locG′,µ′,x′,F¯p)perf equals (M locG,µ,x,F¯p)perf
11.
Definition/Lemma 4.2.2. Xµ(b)Kp ⊂ Xµ′(b′)K′p is the subfunctor parametrising
quasi-isogenies ϕ which satisfy the following additional assumptions.
(a) (ϕ∗tX,α) are a collection of crystalline Tate tensors on X such that
Isom((D(X ), ψ ⊗ 1, ϕ∗tX,α), (Λ ⊗Zp W (R), ψ ⊗ 1, sα ⊗ 1))
is a crystal of Gx-torsors.
(b) For some (or equivalently any) étale cover U → SpecR such that there exists
an isomorphism D(XU )U ∼= Λ ⊗Zp OU respecting tensors, the Hodge filtration
Fil0(XU ) ⊂ D(XU )U gets identified with a point of M locG,{µ},x.
We denote by (X G, λG, tα,G, ϕG) the universal object over Xµ(b)Kp .
Proof. The proof is the same as that of [Zhu17, Prop. 3.11]. 
4.3. Definition of Rapoport-Zink spaces. In the following we assume that ρ is a
symplectic representation and that (G, {µ}, [b], ρ) is induced by an embedding of
Shimura data (G,X) → (GSpn, S±) as described in section 2.4. At the beginning
of our construction, we choose a pair z˜ = (z, j) where z ∈ S¯ b(Fp) and j : X →
AG,z[p
∞] is a quasi-isogeny compatible with additional structure. We will later
show that the constructed Rapoport-Zink space is independent of the choice of z˜.
Let Θ′z˜ : M
b′ → S ′
Z˘p
denote the Rapoport-Zink uniformisation map, which asso-
ciates to a quasi-isogeny ϕ the abelian variety AG,z/ ker(ϕ ◦ j−1) with the induced
polarisation and level structure. The following lifting property of Θ′z˜ is a key in-
gredient in the construction of the Rapoport Zink space. As it is not yet proven for
all cases, we formulate it as an axiom.
Axiom A. The induced map on F¯p-valued points
Xσ(µ)(b)Kp(F¯p) →֒ Xµ′(b′)(F¯p)
Θ′z˜−→ Ag(F¯p)
11Note that the two conditions Zhou imposed at the beginning of section 3 in [Zho], i.e. that G is
quasi-split and Kp = K◦p, are not needed for this proposition. Since the construction of local models
commutes with base change, we may exchangeQp by an unramified extension F such that GF is quasi-
split. Moreover Kp = K◦p is not needed in the proof; while [Zho, Prop. 3.4] then proves the claim
for K◦p, we know that the canonical morphism
⋃
w˜∈Adm(µ) K
◦
pw˜K
◦
p/K
◦
p →
⋃
w˜∈Adm(µ) Kpw˜Kp is an
isomorphism by the argument of Remark 4.2.1
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factors through S −(F¯p). Moreover, there exists a unique lift fz˜ : Xσ(µ)(b)(F¯p) →
S (F¯p) such that (tα,G)P = f∗(tα,f(P )) for every P ∈ Xσ(µ)(b)Kp(F¯p).
Kisin has proven this statement in the case that Kp is hyperspecial in [Kis17,
Prop. 1.4.4] and currently Zhou has finished its proof under the assumption that
G is residually split ([Zho, Prop. 6.7]). Here we have consider σ(µ) rather than µ
because we work with the contravariant Dieudonné module (see [Zho, § 5.4] for
details).
Remark 4.3.1. Note that if Axiom A holds true, then the non-emptiness of S¯ b
implies the non-emptiness of C¯b as fz˜(idX) ∈ C¯b.
In order to define the Rapoport-Zink space with Bruhat-Tits level, we first con-
struct larger formal scheme containing additional connected components. We define
the pull-back
Mb,⋄ Mb
′
S S ′.
Θ⋄z˜ Θ
′
z˜
ι
Lemma 4.3.2. The formal scheme is Mb,⋄ is normal and locally of finite type and the
morphism Mb,⋄ →Mb′ is finite.
Proof. Since ι : S → S ′ is finite so is its pull-back Mb,⋄ →Mb′ . Hence Mb,⋄ is loc-
ally of finite type. The normality can be checked on the formal neighbourhood of
closed points. By the rigidity of quasi-isogenies the formal neighbourhood ofMb
′
at
any point is canonically isomorphic to the deformation space of the corresponding
polarised Barsotti-Tate group and hence Θ′z˜ induces isomorphisms of formal neigh-
bourhoods. Thus Θ⋄z induces isomorphisms (M
b,⋄)∧y
∼→ (SG,O
E˘
)∧Θ⋄
z˜
(y), proving the
normality of formal neighbourhoods. 
We denote by (X ⋄, λ⋄, ϕ⋄) the pull-back of the universal object over Mb
′
to
Mb,⋄. Note that D(X ⋄)[ 1p ] is equipped with two different families of tensors. We
denote by (t⋄α) the family of tensors obtained from (tX,α) via the identification
D(X)[ 1p ]
∼=ϕ⋄ D(X ⋄)[ 1p ] and denote u⋄α,y := Θ⋄ ∗z˜ (tα,Θ⋄z˜(y)) for every geometric point
y ∈Mb,⋄(F¯p).
Lemma 4.3.3. The set of y ∈ Mb,⋄(F¯p) with t⋄α,y = u⋄α,y is a union of connected
components.
Proof. It suffices to prove the claim after taking perfection. Then by Corollary 3.3.7
the (uα,y) are interpolated by uα := Θ
⋄,perf,∗
z˜ (tα).
Let TΛ ⊂ Λ⊗ be a finite direct sum of combinations of tensor products, duals,
alternating sums and symmetric sum of Λ such that it contains (sα). Then the
corresponding sub-F -crystal T ⊂ D(X ⋄
Mb,⋄,red,perf
)⊗ contains both families of crys-
talline Tate-tensors. Since the perfect scheme representing Hom(1, T ) is totally
disconnected by Proposition A.1, the locus where the tensors coincide is indeed a
union of connected components. 
Definition 4.3.4. The Rapoport-Zink spaceMb is defined as the formal subscheme
of Mb,⋄ corresponding to the union of connected components {t⋄α,y = u⋄α,y}. We
define the uniformisation morphism Θz˜ : Mb → S as the restriction of Θ⋄z˜.
Proposition 4.3.5. The canonical morphismMb →Mb′ is a closed immersion and is
uniquely determined by the following two properties.
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(a) Its restriction to the perfection of the underlying reduced subscheme coincides with
Xµ(b)Kp ⊂ Xµ′(b′).
(b) For any y ∈ Xµ(b)Kp(F¯p), its restriction to the formal neighbourhood at y coin-
cides with Def(X ⋄y , λ
⋄
y, (t
⋄
α,y)) →֒ Def(X ⋄y , λ⋄y).
In particular the formal scheme Mb and the embedding Mb → Mb′ only depend on
b, µ and ι and not on the choice of z˜.
Proof. Recall that we showed in the proof of Lemma 4.3.2 that (Mb)∧y
∼→ (SG,O
E˘
)∧Θ⋄
z˜
(y).
Since we have (SG,O
E˘
)∧Θ⋄
z˜
(y)
∼= Def(X ⋄y , λ⋄y, (t⋄α,y)) by Proposition 2.4.2, it follows
that Mb satisfies (b).
To show that it also satisfies (a), we examine the F¯p-point of Mb. By definition,
we have
Mb(F¯p) = {(X,λ, ϕ;x) ∈Mb′(F¯p)×S ′(k) S (k) | ϕ∗(tX,α) = Θ⋄,∗z˜ tα,x ∈ D(X)⊗}.
In particular, we get (X,λ, ϕ) ∈ Xµ(b)Kp(F¯p). On the other hand, Axiom A says
that for any (X,λ, ϕ) ∈ Xµ(b)Kp(F¯p) there is a unique lift x ∈ S (F¯p) of Θ′z˜(X,λ, ϕ)
such that ϕ∗(tX,α) = Θ
⋄,∗
z˜ (tα,x). Hence the canonical morphism M
b → Mb′ maps
Mb(F¯p) bijectively onto Xµ(b)Kp(F¯p). Thus in order to deduce (a) it remains to
show that Mb → Mb′ is a closed immersion. As we already know that Mb → Mb′
is finite by Lemma 4.3.2, the locus where it is a closed immersion is open on the
target. By (b) this locus must contain all closed points, thus the morphism is indeed
a closed immersion.
To show uniqueness, assume that there exist two closed formal subschemes
Z1, Z2 satisfying (a) and (b). Let Z denote their intersection. Then Z →֒ Zi is
a surjective closed immersion which is an isomorphism on formal neighbourhoods,
which implies that it is also étale and in particular open. Thus Z1 = Z = Z2. 
Remark 4.3.6. In general, it is not yet known whether the integral model S =
SKpKp of ShKpKp(G,X), constructed by Kisin and Pappas when Kp = Gx(Zp), is
independent of the choice of embedding (G,X) →֒ (GSp2g, S). (This is only known
if x is a very special vertex of G = GQp and G
ad is absolutely simple; cf. [KP18,
Prop. 4.6.28]). Therefore, it is not known in general whether Mb is independent
of the choice of the embedding ρ : (G, [b], {µ}) →֒ (GLn, [b′], {µ′}) of local Shimura
data coming from some global embedding of Shimura data.
4.4. Group actions on Mb. In [RZ96] Rapoport and Zink equipped Mb
′
with the
action of the group of self quasi-isogenies Jb′(Qp) of (X, λX) and a Frobenius-
twisted action of the Weil group of Qp. In this section we discuss how to restrict
these actions to Mb.
First consider the group functor
QIsogG′(X) : (NilpZ˘p)→ (Sets)
R 7→ {ϕ : XR/p → XR/p quasi-isogeny, commuting with λX up to scalar }.
It is representable by a flat formal group scheme over Spf Z˘p with perfect special
fibre by [CS17, Lemma 4.2.10] (see also [Kim18a, § 3.2]. By Dieudonne theory,
the group of locally constant self quasi-isogenies is represented by a locally pro-p
group Jb′(Qp) viewed as a locally constant formal scheme over Spf Z˘p. By [CS17,
Lemma 4.2.11] the canoncial embedding Jb′(Qp) →֒ QIsogG′(X) splits, yielding
an isomorphism QIsogG′(X) ∼= QIsogG′(X)◦⋊ Jb′(Qp), where QIsogG′(X)◦ denotes
the identity component of QIsogG′(X). Obviously, the group QIsogG′(X) acts via
precomposition on Mb
′
, exteding the action of Jb(Qp) defined in [RZ96].
As the quasi-isogenies in QIsogG′(X) do not need to fix (tX,α), the Rapoport-
Zink space Mb is in general not QIsogG′(X) stable. We denote by QIsogG(X) ⊂
37
QIsogG′(X) the formal subgroup defined in [Kim18a, Def. 3.2.1]. While a moduli
description for generalR ∈ Nilp
Z˘p
is unknown, in the case whereR/p is semiperfect
it parametrises precisely those quasi-isogenies which preserve (tX,α).
Lemma 4.4.1. Mb is stable under the action of the subgroup QIsogG(X).
Proof. By Proposition 4.3.5, we need to show that the action of QIsogG(X) on
Mb
′
preserves conditions (a) and (b) of Proposition 4.3.5. Since QIsogG(X) ∼=
QIsogG(X)
◦⋊Jb(Qp) by [Kim18a, Rmk. 3.2.5], we may handle the action of Jb(Qp)
and QIsogG(X)
◦ separately.
Let us first verify that for every g ∈ Jb(Qp) the formal subscheme g∗Mb ⊂ Mb′
satisfies conditions (a) and (b) of Proposition 4.3.5. Condition (a) follows from
Axiom A in section 4.3. To check condition (b), from the canonical isomorphism
g∗(X ⋄, λ⋄, (t⋄α))
∼= (X ⋄, λ⋄, (t⋄α)) we obtain
(g∗M
b)∧g·z = g∗Def(X
⋄
z , λ
⋄
z , (t
⋄
α,z)) = Def(g
∗(X ⋄z , λ
⋄
z , (t
⋄
α,z))) = Def(X
⋄
g·z , λ
⋄
g·z , (t
⋄
α,g·z)).
It remains to show that the action of QIsogG(X)
◦ on Mb
′
preserves conditions
(a) and (b) of Proposition 4.3.5. Condition (a) is automatic since QIsogG(X)
◦,red =
{id}, and condition (b) is just a reformulation of [Kim18a, Thm. 4.3.1]. 
Remark 4.4.2. In particular we get an action of J := Jb(Qp) ⊂ QIsogG(X) on Mb.
Let us briefly remark why the conditions of Theorem 1.4.7 are satisfied. First note
that the action of Jb′(Qp) onMb
′
satisfies these properties by [Mie14b, § 5.2]. Since
Mb ⊂ Mb′ is a closed formal subscheme, it immediately follows that the J -action
is continuous in the sense of Fargues and that Mb,red is partially proper.
Moreover, following Mieda’s argument, we see that the finiteness condition (4)
of Theorem 1.4.7 follows from the finiteness of J -orbits on the set of irreducible
components of Mb. The latter assertion was proven in [RZ99] (see also [HV,
Lemma 1.3]).
Finally, the local algebraisability of Mb, and the smoothness and equidimen-
sionality of the generic fibre can be deduced from the Rapoport-Zink uniformisa-
tion. Following the proof of [Far04, Cor. 3.1.4], we see for any quasi-compact open
U ′ ⊂Mb′ there exists a level K′p ⊂ GSp2g such thatΘ′z˜ maps U ′ isomorphically onto
the completion of a closed subscheme of SG′ . ThusΘz˜ identifies U := U ′∩Mb with
the completion of a closed subscheme of SG; in particular Mb is locally algebrais-
able and Uad is an open subspace of (ŜG)ad, thus proving that the generic fibre of
Mb is smooth of pure dimension 〈2ρ, µ〉.
Next, we define the action of the Weil group WE on Mb. Since Mb is a formal
OE˘-scheme, the action of the inertia group will be trivial. Thus the WE-action is
given by a Weil descent datum, that is a σκE -semilinear isomorphism αQp : M
b′ ∼→
Mb
′
defining the action of the Frobenius (cf. [RZ96, Def. 3.45]). The Weil descent
datum for Mb
′
is given by
(X , ϕ) 7→ (X , ϕ ◦ F−1).
Since any quasi-isogeny commutes with the Frobenius, the action of QIsogG′(X)
and WQp commute.
Note that since M locG,µ,x is defined over OE and not Zp, we should not expectM
b
to be stable under WQp . However, the following holds.
Lemma 4.4.3. The WQp descent datum on M
b′ restricts to a WE descent datum in
Mb.
Proof. The proof is basically the same as the proof of Lemma 4.4.1. A short calcu-
lation shows that the diagram
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Xµ′(b
′)
[
G ′x′\M locG′,µ′−c,x′
]
Xµ′(b
′)
[
G ′x′\M locG′,µ′−c,x′
]αQp σQp
commutes, implying condition (a) in Proposition 4.3.5 for αE(Mb) since M locG,µ,x is
defined over OE . The embedding of formal neighbourhoods at (X,ϕ) ∈ Mb(F¯p) is
identified withDefGx(X) ⊂ DefG ′
x′
(X)which under αE is mapped toDefGx(X
(σE)) ⊂
DefG ′
x′
(X)(σE). As DefGx(X
σE ) = DefGx(X)
σE by construction, condition (b) in
Proposition 4.3.5 follows. 
Remark 4.4.4. Since any quasi-isogeny commutes with the actions of Frobenius,
the action of QIsogG′(X) and WQp on M
b′ commute. In particular, the actions of
QIsogG(X) and WE on M
b commute.
Naturally, we do not have an action of G(Apf ) on M
b. However, we can say that
the construction in section 4.3 is compatible with the G(Apf )-action.
Lemma 4.4.5. Let g ∈ G(Apf ) and Kp1 ⊂ G(Apf ) small enough compact open such
that g−1Kp1g ⊂ Kp. We fix z1 ∈ SKp1Kp(F¯p) and a quasi-isogeny j1 : X → AG,z1[p∞]
which is compatible with additional structure and let z = g(z1) ∈ SKpKp(F¯p) and j
the concatenation of j1 with the canonical isomorphism AG,z1 [p
∞] ∼= AG,z[p∞]. Then
the diagram
SKp1Kp
Mb SKpKp
g
Θ(z1,j1)
Θ(z,j)
commutes.
Proof. ForG = G′, the commutativity follows from the moduli description (cf. [RZ96,
§ 6.13]). Since g induces a canonical isomorphism AG,z1[p
∞] ∼= AG,g(z1)[p∞], which
is compatible with crystalline Tate-tensors, for any z1 ∈ SG,Kp1 (F¯p) and a canonical
isomorphism on formal neighbourhoods since it is étale, the claim now follows
from the uniqueness of the lift in Proposition 4.3.5. 
5. THE GEOMETRY OF NEWTON STRATA
The almost product structure on the Newton stratification is the key input from
geometry to prove Mantovan’s formula for Shimura varieties of Hodge type. We
take the product structure over (S¯ ′)b
′
constructed by Caraiani and Scholze as a
starting point and show that one can restrict it to obtain the product structure over
S¯ b.
5.1. Igusa varieties. We continue to assume that b is a decent element as in
Lemma 4.1.3 and that S¯ b is non-empty. In particular C¯b is non-empty by Re-
mark 4.3.1. We denote by C¯b
′ ⊂ S¯ ′ the central leaf in the Siegel moduli space. Let
I¯g
b′
denote the special fibre of the Igusa variety over C¯b
′
, i.e. the scheme paramet-
rising isomorphisms (X, λX)
∼→ (A univ[p∞], λuniv). We define
I¯g
b,⋄
:= I¯g
b′ ×(S¯ ′)perf S¯ perf .
Note that I¯g
b′
is a perfect scheme by [CS17, Prop. 4.3.8], hence I¯g
b,⋄
is also
perfect. Indeed since the absolute Frobenius defines compatible isomorphisms on
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the base and both factors of the fibre product, it also defines an isomorphism on the
fibre product itself. Therefore, we have unique flat lifts Igb
′
and Igb,⋄ over Spf OE˘ ,
which are given by
Igb
′
(R) = I¯g
b′
(R/̟) and Igb,⋄(R) = I¯g
b,⋄
(R/̟)
for any OE˘ -algebra R with ̟ nilpotent in R. By construction, we have an iso-
morphism j : Xb × I¯gb,⋄ ∼→ AG,C¯b [p∞]×C¯b I¯gb,⋄.
Definition/Lemma 5.1.1. The locus of geometric points in I¯g
b
where j respects
the crystalline Tate-tensors is a closed union of connected components. We denote
by I¯gb,⋄ ⊂ I¯gb,⋄ and Igb ⊂ Igb,⋄ the corresponding (formal) subschemes.
Proof. This follows from the existence of global tensors and Proposition A.1 by an
identical argument as in the proof of Lemma 4.3.3. 
Recall that QIsogG′(X) naturally acts on I¯g
b′
by [CS17, Corollary 4.3.5], and
clearly this action extends to the flat lift Igb
′
.
Proposition 5.1.2. I¯gb → I¯gb
′
is a closed immersion with QIsogG(X)Fp -stable image.
On Fp-points this action is given as follows. For any g ∈ Jb(Qp), z˜ = (z; j) ∈ I¯gb(Fp)
the QIsogG(X) action is given by
g.z˜ = (Θz˜(g
−1.z); (g−1)∗j).
In particular, Igb → Igb′ is a closed immersion.
Proof. The proof is identical to the proof of [Ham16, Prop. 4.10], which gives the
proof in the hyperspecial case. We give a sketch of how the arguments apply for
the reader’s convenience.
To see injectivity, assume that z˜1 = (z1, j1), z˜2 = (z2, j2) ∈ I¯gb(F¯p) have the same
image in Igb
′
(F¯p). Note that since I¯g
b ⊂ Igb′ ×S ′S , it suffices to show that z1 = z2.
This follows from the uniqueness of the lift in Axion A, as it implies Θz˜1 = Θz˜2
and in particular z1 = Θz˜1(idX) = Θz˜2(idX) = z2. Thus I¯g
b → I¯gb
′
is universally
injective. As it is finite, it is universally closed; thus a universal homeomorphism
onto its (closed) image. It now follows from [BS17, Lemma 3.8] that I¯g
b → I¯gb
′
is a closed immersion. Now the group theoretic description of the Jb(Qp)-action
follows from the analogue formula for the action of Jb′(Qp) on I¯g
b′
given by the
moduli description. 
Corollary 5.1.3. The canonical morphism Igb → Igb′ is a closed immersion with
QIsogG(X)-stable image.
Proof. By the universal property of the flat lift of perfect Fp-schemes to Z˘p, it suffices
to check on special fibre. Hence the claim follows by the above proposition. 
We equip Igb with the QIsogG(X)-action defined by above corollary. We also
define a twisted Weil group action given by the Weil descent datum obtained by the
Frobenius lift.
If we wish to emphasize the level away from p, we will write IgbKp and I¯g
b
Kp for
the respective Igusa varieties over SKpKp . The construction of Igusa varieties is
compatible with the G(Apf )-action on {SKpKp}Kp⊂G(Apf ) in the following sense.
Lemma 5.1.4. Let g ∈ G(Apf ) and Kp1 ⊂ G(Apf ) small enough compact open such
that g−1Kp1g ⊂ Kp. Then the morphism g : SKp1Kp → SKpKp extends canonically to a
morphism I¯gb
K
p
1
→ I¯gb
Kp
and the diagram
40 P. HAMACHER, W. KIM
I¯g
b
K
p
1
I¯g
b
Kp
SKp1Kp
SKpKp
g
g
is cartesian. In particular, G(Apf ) acts on the tower {IgbKp}Kp⊂G(Apf )
Proof. For G = G′, this follows from the moduli description. Thus the assertion of
the lemma holds if we replace I¯gb by I¯gb,⋄. Now I¯gb ⊂ I¯gb,⋄ is cut out by conditions
on the crystal, which is preserved under the G(Apf )-action. Thus the claim follows.

5.2. The product structure of Newton strata. Recall that in [CS17, § 4] Caraiani
and Scholze constructed an isomorphism
(5.2.1) Igb
′ ×Mb′ ∼→ Xb′
where Xb
′
is defined by
Xb
′
(R) := {(A , λ, η;ψ) | (A , λ, η) ∈ S ′(R),
ψ : (X, λX)⊗R/̟→ (A [p∞], λ)⊗R/̟ quasi-isogeny}.
for every OE-algebra R with ̟ ∈ R nilpotent. More precisely, the isomorphism
maps a tuple (A , j;X , ϕ) to (A ′, λ′, η′, ψ) constructed as follows. Let us first as-
sume that ϕ is an isogeny. Then we define
A
′ ⊗R/̟ := (A ⊗R/̟)
/
j(kerϕ)
with the induced polarisation λ¯′ and level structure η′. Then j identifies (A ′ ⊗
R/̟)[p∞]with X ⊗R/̟; thus the Serre-Tate theorem yields a deformation (A ′, λ′).
Since A and A ′ have isomorphic Apf -Tate modules, a level-K
p-structure on A ′ ⊗
R/̟ is the same as a level-Kp-structure on A ′. We define ψ as the composition
X⊗R/̟ A [p∞]⊗R/̟ A ′[p∞]⊗R/̟.j ϕ
Observe that we have (A , j;X , pnϕ) 7→ (A ′, λ′, η′, pnψ) for any n > 0, so this
construction naturally extends to the case when ϕ is not necessarily an isogeny but
a quasi-isogeny. We denote by π′∞ : X
b′ → S ′ the canonical projection.
Remark 5.2.2. This construction is slightly different from the one in [CS17], where
they fix a lift of X to characteristic 0. This is important for our purposes since we
may not be able to lift X together with its crystalline Tate tensors to OE˘ as DefG(X)
may not be smooth. However, it is easily seen that the isomorphism is the same as
in [CS17] due to the rigidity of quasi-isogenies.
Let Xb ⊂ Xb′ denote the image of the closed formal subschemeMb×Igb ⊂Mb′×
Igb
′
with respect to the above isomorphism. Note that the canonical QIsogG′(X)
action on Xb
′
restricts to a QIsogG(X)-action on X
b by Lemma 4.4.1 and Proposi-
tion 5.1.2.
Since our schemes are not necessarily smooth, crystalline structures are not so
well behaved and we lack such a moduli interpretation for Xb. However, we will
construct a lift π∞ : Xb → S , which behaves as one would expect from a moduli
space parametrising quasi-isogenies X→ AG[p∞] respecting additional structures.
In order to lift π′∞ to a morphism X
b → S , we first study its restriction to
a formal neighbourhood. Recall that the formal neighbourhood X∧x of a formal
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scheme X at a point x ∈ X is the set-valued functor on the category of zero-
dimensional local rings given by
X∧x (R) = {ϕ ∈ X(R) | imϕtop = {x}}.
For our purposes it suffices to consider the case where the maximal ideal mX,x of
the stalk OX,x contains a finitely generated ideal I ⊂ mX,x such that
√
I = mX,x.
One easily checks that in this case X∧x is pro-represented by the I-adic completion
OˆX,x of OX,x. Moreover, for X = Xb the following holds.
Lemma 5.2.3. Let x = (y, z˜) ∈ Xb(F¯p). Then there exists a finitely generalted ideal
I ⊂ OXb,x such that
√
I = mXb,x. Moreover, for any n the completion OXb,x/pn →
OˆXb,x/pn is faithfully flat.
Proof. Obviously it suffices to prove the first assertion modulo p. Since OMb
F¯p,y
⊗
OI¯gb,z˜ is dense in OX∧x , it suffices to show the first assertion forMbF¯p and I¯g
b. Since
Mb is locally noetherian, the mMb
F¯p
,y is already finitely generated and the statement
trivial. Now denote by z the image of z˜ in C¯b. For OI¯gb,z˜, we claim that the ideal
I := mC¯b,z satisfies the assumptions. First note that it is finitely generated since
C¯b is noetherian. In order to see that
√
I = mI¯gb,z˜, we decompose the canonical
morphism OC¯b,z → OI¯gb,z˜ as
(5.2.4) OC¯b,z → OperfC¯b,z → OI¯gb,z˜.
Now
mI¯gb,z˜ ⊇
√
I ⊇
√
mC¯b,z · OperfC¯b,z · OI¯gb,z˜ = mC¯perf ,z · OI¯gb,z˜ = mI¯gb,z˜,
where the last equality follows from the fact that the second morphism of (5.2.4)
is ind-étale. This finishes the proof of the first assertion.
For the second assertion we may assume that n = 1 by the local flatness criterion
(see for example [Mat86, Thm. 22.3]). Since the completion of a coherent ring
with respect to a finitely generated ideal is flat by [Has11, Thm. 3.58], it suffices
to show that OXb
F¯p
,x is coherent. Moreover, as OXb
F¯p
,x and OI¯gb,z˜⊗ˆOMbF¯p ,y define
the same completion and the completion of coherent ring with respect to a finitely
generated ideal is still coherent (e.g. [Gla89, Thm. 2.4.1] combined with [Has11,
Prop. 3.59]), it suffices to show that OI¯gb,z˜⊗ˆOMbF¯p ,y is coherent.
First note that by (5.2.4) the ring OI¯g,z˜ can be written as direct limit lim−→Ri of
regular local rings where the transition morphisms are either étale or the absolute
Frobenius; in particular they are flat. Thus
OI¯gb,z˜ ⊗OMb
F¯p
,y
∼= lim−→Ri ⊗OMbF¯p ,y
can be written as a direct limit of noetherian rings with flat transition morphisms
and is thus coherent (see for example[Gla89, Th. 2.3.3]). 
Now fix a point x = (y, z˜) ∈ Xb(F¯p) and let w′ := π′∞(x) = Θ′z˜(y) and w :=
Θz˜(y). ThenΘ′z˜ andΘz˜ induce compatible isomorphisms of formal neighbourhoods
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Mb
′,∧
y
∼→ S ′∧w′ and Mb,∧y ∼→ S ∧w . Writing z˜ = (z, j0), we moreover obtain
Igb
′,∧
z˜ (S,mS) =
{
(A, λ, η; j)
∣∣∣∣∣ (A, λ, η) ∈ S ′∧z (S),j : (X, λX) ∼→ (A[p∞], λ) with j|{mS} = j0
}
∼→
{
(X,λX , ρ; j)
∣∣∣∣∣ (X,λX , ρ) ∈M
b′(S) such that ρ|mS = idX
j : (X, λX)
∼→ (X,λX) such that j|mS = ρ|mS
}
∼→ QIsogG′(X)◦F¯p(S),
where the first isomorphism is induced byΘ′z˜ and the second given by (X,λX , ρ; j) 7→
ρ ◦ j−1. Using the uniqueness of flat lifts we conclude I¯gb
′,∧
z˜
∼= QIsogG′(X)◦F¯p and
using the uniqueness of flat lifts this extends to Igb
′,∧
z˜
∼= QIsogG′(X). By [Kim18a,
Cor. 5.1.3] this isomorphism restricts to Igb,∧z˜ ∼= QIsogG(X). Tracing through
the identifications above, we see that the restriction to formal neighbourhoods
π′∧∞,x : X
b′,∧
x → S ′∧w′ becomes the canonical group action QIsogG′(X)◦ ×Mb
′,∧
y →
Mb
′,∧
y . By [Kim18a, Thm. 4.3.1] this restricts to QIsogG(X)
◦ × Mb,∧y → Mb,∧y ,
i.e. π′∧∞,x restricts to π
∧
∞,x : X
b,∧
x → S ∧w . We may reformulate our observation as
follows.
Lemma 5.2.5. Let x = (y, z˜) ∈ Xb(F¯p). Then the restriction π′∞|Xb,∧x has a unique
lift π∧∞,x : X
b,∧
x → S . Moreover, π∧∞,x(x) = Θz˜(y) and the isomorphism in Propos-
ition 2.4.2 identifies the induced map Xb,∧x → S ∧π∧
∞,x(x)
with the QIsogG(X)
◦ action
on DefG(AG,π∧∞,x(x)[p
∞]) constructed in [Kim18a, § 4.3].
Proof. The existence of π∧∞,x and its properties were proven above. Uniqueness
follows from Proposition 2.4.2 since it states that the formal fibre of ι corresponds
to the decomposition of S ∧π∧
∞,x
into irreducible components and π′∞ maps X
b,∧
x
surjectively onto one of them. 
Theorem 5.2.6. The restriction π′∞|Xb has a unique lift π∞ : X
b → S . Moreover,
π∞ has the following properties
(1) The perfection of the underlying reduced subscheme πperf
∞,F¯p
: Xb,red,perf → S¯ perf
represents the moduli problem
(PerfAlg)F¯p → S¯
R 7→ {(P, ψ) | P ∈ S (R), ψ : (X, (tX,α))R → (AG,P [p∞], (tα,P )) quasi-isogeny}.
In particular, π∞ factorises through the completion Ŝ b of S¯ b in S .
(2) π∞ : Xb → Ŝ b is a quasi torsor under the QIsogG(X)-action, that is the morph-
ism
QIsogG(X)× Xb → Xb ×S Xb, (g, x) 7→ (x, g.x)
is an isomorphism.
(3) We equip Xb with a Weil descent datum αE by restricting the Weil descent datum
on Xb
′
given by (A , λ, η, ψ) 7→ (A , λ, η, ψ ◦ F−1q ). Then the isomorphism Xb ∼=
Igb ×Mb is WE-equivariant.
(4) The Hecke action of G(Apf ) on {SKpKp}Kp⊂G(Apf ) lifts canonically to {XbKp}Kp⊂G(Apf ).
More precisely, let g ∈ G(Apf ) and Kp1 ⊂ G(Apf ) small enough compact open such
that g−1Kp1g ⊂ Kp. Then the diagram
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Xb
K
p
1
Xb
Kp
SKp1Kp
SKpKp
g
g
is cartesian. Moreover, the morphism in the first line corresponds to g × id with
respect to the isomorphism Xb ∼= Igb ×Mb.
Proof. The uniqueness of the lift readily follows from the uniqueness of the lift on
formal fibres by the lemma above. Now consider the cartesian diagram
Xb,⋄ := Xb ×S ′ S S
Xb S ′
π˜′
∞
ι˜ ι
π′
∞
Then a lift of π′∞ corresponds to a section s of ι˜. Note that s
set(y, z˜) := (y, z˜; Θz˜(y))
gives the set-theoretical section on F¯p-valued points corresponding to the lift (y, z˜) 7→
Θz˜(y). We claim that the image of sset in Xb,⋄(F¯p) is open, thus corresponds to an
open formal subscheme U ⊂ Xb,⋄ (since Xb is Jacobson), and we claim moreover
that ι˜|U : U → X
b,⋄ is an isomorphism. Taking the inverse of ι˜|U would give us the
wanted section s.
For x ∈ Xb(F¯p) consider the morphism ι˜x : OXb,x → OXb,⋄sset(x). By our consid-
erations of formal neighbourhoods above, it is an isomorphism after extending scal-
ars to OˆXb,x. Thus ι˜x is an isomorphism by faithfully flat descent and Lemma 5.2.3.
Since ι˜ is of finite presentation, it follows that there exist open neighbourhoods
Ux ⊂ Xb,⋄ of s(x) and Vx ⊂ Xb of x such that ι˜|Ux : Ux → Vx is an isomorphism.
Now let U :=
⋃
x∈im sset Ux. Since by Lemma 5.2.5 the morphism ι˜ can only be a
local isomorphism at F¯p-valued points in im stop, we have indeed U(F¯p) = im stop.
Moreover, the restriction ι˜|U is a local isomorphism of Jacobson formal schemes
which is bijective on closed points and thus an isomorphism.
To prove (1), consider the morphism s : Xb →֒ Xb,⋄ constructed above. Since
Xb,⋄ solves the moduli problem
R 7→ {(P, ψ) | P ∈ S (R), ψ : (X, λ)⊗R/p→ (AG[p∞], λG)⊗R/p quasi-isogeny},
we also have Xb0 ⊂ Xb,⋄,perfF¯p , where Xb0 denotes the functor defined in (1). Note
that Xb0 is represented by a closed union of connected components of the perfection
of Xb,⋄kF by the same argument as in Lemma 4.3.3. Since the perfection of X
b,⋄
F¯p
is
Jacobson, it suffices to check equality of the reduced subschemes Xb0 and X
b,perf
F¯p
on
F¯p-valued points. Since π∞(y, z˜) = Θz˜(y) for any (y, z˜) ∈ Xb(F¯p) by construction,
we have Xb(F¯p) ⊂ Xb0(F¯p). On the other hand, if (P, ψ) ∈ Xb0(F¯p) let z = Θ(P,ψ)(id)
and let j denote the composition of
X
ψ−→ AG,P [p∞]→ AG,P [p∞]/ ker(ψ−1) = AG,Θ(P,ψ)(id)[p∞].
Then (P, ψ) is the image of (z, j;ψ), thus (P, ψ) ∈ Xb(F¯p).
For G = G′ the second claim follows from the moduli description (cf. Remark
before [CS17, Prop. 4.3.13]). Since π∞ is QIsogG(X)-equivariant by uniqueness of
the lift, we obtain a commutative diagram
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QIsogG′(X)× Xb
′
Xb
′ ×S ′ Xb′
QIsogG(X)× Xb Xb ×S Xb,
∼
pr2×act
pr2×act
where the vertical arrows, and thus also the bottom line arrow, are closed immer-
sions. In particular it suffices to show that the bottom morphism is surjective and
induces an isomorphism on formal neighbourhoods. The surjectivity follows from
(1). By homogeneity, we may assume that we are considering the identity com-
ponent of QIsogG(X) when checking formal neighbourhoods, i.e. we have to show
that
QIsogG(X)
◦ × Xb∧z
pr2×act−→ Xb∧z ×S Xb∧z
is an isomorphism for any z ∈ Xb(F¯p). Now decompose Xb∧z ∼= Igb∧x ×Mb∧y and
identify Igb∧x with QIsogG(X)
◦ as in the construction before Lemma 5.2.5. Then
the above morphism becomes
QIsogG(X)
◦ ×QIsogG(X)◦ ×Mb∧y → (QIsogG(X)◦ ×Mb∧y )×Mb∧y (QIsogG(X)◦ ×Mb∧y )
(g1, g2, ϕ) 7→ ((g2, ϕ); (g2 ◦ g−11 , g1.ϕ))
One easily deduces from the cocycle condition of the group action that this is an
isomorphism.
It suffices to show (3) for G = G′ and the Frobenius σ ∈ WQp , since the in-
ertia group acts by definition trivially. Fix a point (A ′, λ′, η′;ψ) ∈ Xb′(S), which
corresponds to a point ((A , λ, η; j), (X,ϕ)) ∈ Igb′(S)×Mb′(S). Consider the com-
mutative diagram
(σ∗X)S σ
∗A [p∞]
XS A [p
∞]
X A ′[p∞]
∼
j(q)
F−1 F−1
∼
j
ϕ
ψ
j∗ϕ
∼
Since the top row corresponds to αQp(A , λ, η; j) and the left column to αQp(X,ϕ),
the image of is the image of αQp((A , λ, η; j), (X,ϕ)) is indeed (A , λ, η, ψ ◦ F−1).
One easily checks that (4) holds in the case G = G′, using the moduli description.
Since g × id maps Igb
K
p
1
×Mb onto IgbKp ×Mb by Lemma 5.1.4, the restriction of g
maps Xb
K
p
1
onto Xb
Kp
with the wanted properties. 
Corollary 5.2.7. The perfection πperf
∞,F¯p
of π∞,F¯p is a Jb(Qp)-torsor over S¯
b,perf for
the pro-étale topology.
Proof. Part (1) of above theorem gives a moduli description of πperf
∞,F¯p
, which is a
Jb(Qp)-torsor by [CS17, Prop. 4.3.13] (or rather its proof). 
Corollary 5.2.8. We consider the schemes Mb,red, I¯g
b
and S¯ b with the WE -action
defined in Lemma 4.4.3, after Corollary 5.1.3 and by the composition of the canon-
ical projection WE → Gal(Fp/κE) and the Galois action on S¯ , respectively and the
constant sheaves Z/lrZ on them. Denote by Hr := C∞c (Jb(Qp),Z/lrZ). With the
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definition of RΓc from Appendix B, we get an isomorphism in the category of com-
plexes of WE -representations
RΓc(S¯
b,Z/lrZ) = RΓc(I¯g
b
,Z/lrZ)⊗LHr RΓc(Mb,red,Z/lrZ),
where WE acts trivially on RΓc(I¯g
b
,Z/lr).
Proof. By Corollary 5.2.7 the prerequisites of Corollary B.7 are met; thus it is only
left to show that WE acts trivially on RΓc(I¯g
b
,Z/lr). This follows since on the
underlying topological space the WE-action on I¯g
b is (universally) trivial. 
6. COHOMOLOGY OF AUTOMORPHIC SHEAVES
In this section, we prove our main result of this paper: Mantovan’s formula
(Corollary 6.2.10).
6.1. Auxiliary integral models with level structure. In the unramified PEL case,
Mantovan [Man05, §6] constructed auxiliary integral models of Shimura varieties
and Rapoport-Zink spaces with deeper level structure at p via Drinfeld level struc-
ture. These integral models do not possess nice properties (for example, the Hecke
correspondences do not extend to these integral models in general), but nonethe-
less one gets just enough to obtain the action of Hecke correspondence on the
nearby cycle cohomology.
In order to define Drinfeld level structure, denote by Kp(m) the kernel of the
canonical projection Gx(Zp)։ Gx(Z/pm).
If the prime-to-p level Kp ⊂ G(Apf ) is not relevant, then we write
Shm := ShKp(m)Kp(G,X) and Sh := ShKpKp(G,X)
for simplicity. We can understand Shm as the étale cover classifying Kp(m)-level
structures over Sh. More precisely, we have
Shm(R) =
{
(P, ηm)|P ∈ Sh(R),
ηm : Λ/p
m ∼−→ AG,P [pm] = Tp(AG,P )/pm sending (sα) to (tα,ét)
}
,
for any E-algebraR. Here, we call the tensor-preserving isomorphism ηm : Λ/pm
∼−→
AG,P [p
m] a Kp(m)-level structure.
Denote by Mbm := MbKp(m) the finite étale cover of Mb = (Mb)adE˘ defined by
adding the Kp(m)-level structure. To explain, let XG denote the universal Barsotti-
Tate group over Mb, and we view its integral Tate module Tp(XG) as a Zp-local
system over Mb. Then, via the Rapoport-Zink uniformisation map Θz˜ : Mb →
S for z˜ ∈ I¯gb(F¯p), the étale tensors (tα,ét) on Sh induce the tensors (tα,ét) in
Γ(Mb, Tp(XG)⊗). Now, the “universal Kp(m)-level structure” is the trivialisation
of (Tp(XG)/pm, (tα,ét)) by (Λ/pm, (sα)). (Note that Tp(XG)/pm ∼= XG[pm]adE˘ as
lisse étale sheaves onMb.)
We make analogous definitions for G′. Since Kp(m) = Kp ∩ K′p(m) by definition,
we have closed immersions Mbm →֒ (M′b
′
m )E˘ and Shm →֒ Sh′m (with the obvious
notation).
Definition 6.1.1. We define the following submonoid of G′(Qp):
G′(Qp)
+ := {g ∈ G′(Qp) such that g−1Λ ⊂ Λ},
where Λ = Z2np is the standard representation of G
′ = GSp2n. Similarly, we define
the submonoid G(Qp)+ := G′(Qp)+ ∩G(Qp) of G(Qp). Since pZ and G′(Qp)+ gen-
erate G′(Qp) and pZ is contained in G(Qp), it follows that pZ and G(Qp)+ generate
G(Qp).
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For g ∈ G′(Qp)+, we define e(g) to be the minimal non-negative integer such
that gΛ ⊂ p−e(g)Λ. By definition, we have K′p(m − e(g)) ⊃ K′p ∩ (g−1K′p(m)g) for
any m > e(g). If g ∈ G(Qp)+, then we have Kp(m− e(g)) ⊃ Kp ∩ (g−1Kp(m)g) for
any m > e(g).
Below, we deduce the following construction of integral models from the Siegel
case of [Man05, §6]:
Proposition 6.1.2. For any g ∈ G(Qp)+ and m > e(g), we have a normal integral
model Sm,g of Shm and a normal formal model Mbm,g of Mbm equipped with the
following morphisms:
(1) for any m′ > m > e(g), a proper morphism Sm′,g → Sm,g (respectively,
Mbm′,g →Mbm,g) that extends the natural projection on the generic fiber;
(2) a proper map Sm,g → Sm := Sm,idG (respectively, Mbm,g → Mbm =: Mbm,idG)
inducing the identity map on the generic fiber;
(3) a proper map [g] : Sm,g → Sm−e(g) (respectively, [g] : Mbm,g → Mbm−e(g)) that
extends the natural Hecke correspondence on the generic fibers
Shm
[g]
//Shg−1Kp(m)g
// //Shm−e(g)
(respectively, Mbm
[g]
//Mbg−1Kp(m)g // //Mbm−e(g) ),
which are compatible under compositions in the obvious sense. (For example,
we have a well-defined structure morphism Sm,g → S , and all the morphisms
above are morphisms over S . And for g, g′ ∈ G(Qp)+, we have [g] ◦ [g′] = [gg′]
whenever this expression makes sense.)
Furthermore, if we let Xbm,g := X
b×π∞,S Sm,g, then we have a canonical isomorphism
(6.1.3) Xbm,g ∼= Igb ×Mbm,g
over Xb ∼= Igb×Mb, commuting with the Hecke actions of G(Apf ). And if we define the
Hecke correspondences for g ∈ G(Qp)+ on {Xbm,g} by pulling back the maps (2)–(3)
over {Sm,g}, then the isomorphism (6.1.3) commutes with the Hecke correspondences
for any g ∈ G(Qp)+.
Note that by taking fibre of the isomorphism (6.1.3) at z˜ ∈ I¯gb(F¯p) gives an
isomorphism Mbm,g ∼= Mb×Θz˜,S Sm,g, commuting with the Hecke action of G(Apf )
and G(Qp)+.
Proof. If G = G′, then Mantovan [Man05, §6] constructed (not necessarily normal)
integral models S ′Drm,g′ and M
b′,Dr
m,g′ for any g
′ ∈ G′(Qp)+ and m > e(g′) as adding
Drinfeld level structure (at p) to the moduli problems. These integral models come
equipped with the various natural projections and the Hecke correspondence for
g′ ∈ G′(Qp)+ in the sense of (1)–(3), which are constructed via the moduli descrip-
tion. We show that these maps are proper by directly verifying the valuative cri-
terion using the moduli description of S ′Drm,g′ and M
b′,Dr
m,g′ . Lastly, since the Drinfeld
level structure on an abelian variety only depends on the associated Barsotti-Tate
group, it follows that Mb
′,Dr
m,g′
∼= Mb′ ×Θz˜′ ,S ′ S ′Drm,g′ , where Θz˜′ is the map induced
by the image z˜′ ∈ I¯gb
′
(F¯p) of z˜.
For any m and g ∈ G(Qp)+, we define Sm,g to be the normalization of the
Zariski closure of Shm in S ′Drm,g. Since all the maps as in (1)–(3) for S
′Dr
m,g restrict to
dominant maps of the Zariski closures of Shm in S ′Drm,g, they naturally extend to the
normalizations, which clearly satisfy the properties stated in (1)–(3) for Sm,g ’s.
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To define Mbm,g, let us recall the notion of normalization of formal schemes
M locally formally of finite type over OE˘ (or more generally, for excellent formal
schemes). We first note that any formally finitely generated algebra R over a com-
plete discrete valuation ring of (generic) characteristic 0 is excellent (cf. [Val76]).
Therefore, the normalization R˜ of R is finite over R (hence, already complete with
respect to the natural adic topology of R), and the normalization of R〈1/f〉 coin-
cides with R˜〈1/f〉 for any f ∈ R, whereR〈1/f〉 and R˜〈1/f〉 denotes the completion
of the localization. Therefore, by choosing a Zariski open covering {Spf Rα}α ofM,
we can construct the normalization M˜ by glueing {Spf R˜α}α.
We claim that if M := Mad
E˘
is normal (for example, smooth), then (M˜)ad
E˘
is
naturally isomorphic to M. Indeed, we may assume M is affine, say M = Spf R,
and it suffices to show that the normality ofM implies the normality of R[ 1p ]. Since
R[ 1p ] is excellent, the normality can be checked after the completion at maximal
ideals. Now the claim follows since for any maximal ideal x of R[ 1p ], which we also
view as a classical point of M, the completed local ring ÔM,x coincides with the
x-adic completion of R[ 1p ]; cf. [dJ95, Lemma 7.1.9].
We setMb,⋄m,g to be the normalization ofM
b′,Dr
m,g ×Mb′Mb. By the discussion above,
the following finite étale cover ofMb
(Mb,⋄m,g)
ad
E˘
=Mb′m ×Mb′ Mb,
contains Mbm as an open and closed subspace (as Mbm is a finite étale cover of
Mb). By [dJ95, Theorem 7.4.1], there exists an open and closed formal subscheme
Mbm,g of M
b,⋄
m,g whose generic fiber isMbm. Now, by repeating the proof of (1)–(3)
for Sm,g, we can obtain maps between Mbm,g that satisfy the properties stated in
(1)–(3).
It remains to show the existence of the isomorphism (6.1.3) and its compatibility
with the Hecke action. We begin with the analogue of (6.1.3) for the integral
models with Drinfeld level structure in the case of G = G′; namely, one can lift the
natural isomorphism (5.2.1) to obtain the following canonical isomorphism
Xb
′,Dr
m,g := X
b′ ×π∞,S ′ S ′Drm,g ∼= Igb
′ ×Mb′,Drm,g .
where S ′Drm,g and M
b′
m,g are as before. This isomorphism holds as the Drinfeld level
structure defining S ′Drm,g only depends on the associated Barsotti-Tate group of the
universal abelian scheme.
We let S Drm denote the closure of Shm in S
′Dr
m ×S ′ S . By construction, Sm is
the normalization of S Drm and we have a finite morphism X
b
m,g → Xb
′,Dr
m,g induced
by Sm,g → S ′Drm,g. Thus we obtain morphisms Xbm,g → Igb
′
and Xbm,g → Mb
′,Dr
m,g by
the natural projections. Note that the first projection Xbm,g → Igb
′
factorises as
Xbm,g → Xb ∼= Igb ×Mb → Igb →֒ Igb
′
,
and the resulting map Xbm,g → Igb is clearly invariant under the Hecke action of
G(Qp)
+.
Let us now inspect the second projection Xbm,g → Mb
′,Dr
m,g . Let us choose a point
z˜ ∈ Igb(F¯p) and let z ∈ S¯ b(F¯p) denote its image. As Igb is an OE˘ -lift of a perfect
scheme, z˜ admits a unique lift in Igb(OE˘), which we also denote as z˜. Then we
have
Xbm,g ×Igb,z˜ Spf OE˘ ∼= Mb ×Θz˜,S Sm,g
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which follows from the identityΘz˜ = π∞|{z˜}×Mb . We now claim that the right hand
side of this isomorphism is naturally isomorphic to Mbm,g, so the first projection in-
duces Xbm,g →Mbm,g. For this we first show that it is normal. Since it is an excellent
formal scheme, it suffices to check the normality on the formal neighbourhood of
closed points. Since Θz˜ induces isomorphism of formal neighbourhoods of closed
points so does the natural projection Mb ×Θz˜,S Sm,g → Sm,g; thus the normality
follows from the normality of Sm,g. ThereforeMbm,g and M
b ×Θz˜,S Sm,g are nor-
mal formal models ofMbm that are finite over Mb ×Θz˜,S S −m,g. Thus we obtain a
natural isomorphism
Mbm,g
∼−→Mb ×Θz˜,S Sm,g
of formal models of Mbm, and the universal property of normalisation shows that
this isomorphism respects with the maps (1)–(3) on both sides; i.e, this isomorph-
ism commutes with the Hecke action of G(Qp)+.
Now, we have a natural map
Xbm,g → Igb ×Mbm,g
over the isomorphism Xb ∼−→ Igb ×Mb. We claim that this map gives the desired
isomorphism (6.1.3). Indeed, it is a finite morphism since both the source and
the target are finite over Xb
′,Dr
m,g
∼= Igb′ ×Mb′,Drm,g , and it is a closed immersion by
Nakayama lemma since the fibre at each z˜ ∈ Igb(F¯p) is an isomorphism (cf. [Mat86,
Thm. 4.8]). We conclude that the above natural map is an isomorphism, since
the fibre at each z˜ ∈ Igb(F¯p) shows that the map Xbm,g → Igb × Mbm,g cannot
factor through any proper closed formal subscheme of the target. The equivariance
with respect to the Hecke G(Apf )-action is clear from the same property for the
isomorphism Xb ∼−→ Igb ×Mb, and we have already verified the equivariance with
respect to the Hecke action of G(Qp)+. This completes the proof. 
6.2. Application of Künneth formula. We fix a complete algebraically closed ex-
tension C of E˘. We also fix an algebraic representation ξ : G
Ql
→ GL(V ) and denote
by Lξ the corresponding automorphic étale sheaf on the Shimura variety (for a
non-specified level). Recall that the l-adic cohomology with Lξ-coefficients on the
“infinite-level” has a natural G(Af )-action by cohomological correspondence. To
spell it out, for any g ∈ G(Af ) and an open compact subgroup K ⊂ G(Af ), we have
a natural map [g] : ShgKg−1(G,X)
∼−→ ShK(G,X) defining Hecke correspondences,
and we have a natural isomorphism
[g]∗Lξ ∼= Lξ
of l-adic étale sheaves on ShgKg−1 (G,X), which satisfy the obvious cocycle relations
with respect to the group structure of G(Af ). Using this, we will identify Lξ and
[g]∗Lξ.
Definition 6.2.1. We set
RΓC(Mbm,C ,Ql) := RΓpr−1m,g(CMbm,g )(M
b
m,C ,Ql)
for some g ∈ G(Qp)+ such that m > e(g). By Lemma 1.2.10, it follows that
RΓC(Mbm,Ql) is independent of the choice of integral modelMbm,g (i.e., the choice
of g ∈ G(Qp)+).
We write Sbm := (Ŝ bm,g)adE˘ , which is a finite étale covering of Sb := (Ŝ b)adE˘
independent of the choice of g ∈ G(Qp)+. For any automorphic étale sheaf Lξ, we
set
RΓC(Sbm,C ,Lξ) := RΓpr−1m,g(CŜbm,g )(S
b
m,C ,Lξ),
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for some g ∈ G(Qp)+ such that m > e(g). Similarly, RΓC(Sbm,C ,Lξ) does not
depend on the choice of integral model or g ∈ G(Qp)+.
The following lemma is now a straightforward consequence of Proposition 1.2.13
and the assumption above.
Lemma 6.2.2. We have the following natural isomorphisms
RΓC(MbC , prm,∗Ql) ∼= RΓC(Mbm,C ,Ql) ∼= RΓc((Mbm,g)red,RΨQl);
RΓC(SbC , prm,∗Lξ) ∼= RΓC(Sbm,C ,Lξ) ∼= RΓc(S¯ bm,g,RΨLξ);
RΓC(SC , prm,∗Lξ) ∼= RΓC(Sm,C ,Lξ) ∼= RΓc(S¯m,g,RΨLξ),
for any b, m and g. Here, S and Sm are the analytic generic fibre of the p-adic
completion of S and Sm,g, and S¯m,g = (Sm,g)F¯p .
Furthermore, if we set m′ := m + e(g) for g ∈ G(Qp)+, then [g] : Mbm′ ∼−→
Mbg−1Kp(m′)g ։Mbm induces a natural map
[g]∗ : RΓC(Mbm,C ,Ql)→ RΓC(Mbm′,C ,Ql).
Similarly, we also obtain
[g]∗ : RΓC(Sbm,C ,Lξ)→ RΓC(Sbm′,C ,Lξ).
Proof. Recall that we have natural isomorphisms
RΨ(prm,∗L )
∼= Rprredm,g,∗(RΨL ) (cf. [Ber96, Corollary 2.3(ii)]),
over (Mbm,g)
red and S¯m,g, where L = Ql or Lξ. (Note that the generic fibre of
prm,g is the natural projection prm : Mbm → Mb or Sm → S, which is a finite
morphism. So we have Rprm,∗Lξ = prm,∗Lξ.) Now, the lemma follows directly
from Proposition 1.2.13. 
Recall that we have a “surjective QIsogG(X)-pretorsor” π∞ : X
b = Igb ×Mb →
Ŝ b. We may pull back this morphism to π∞ : Xbm,g ∼= Igb ×Mbm,g → Ŝ bm,g for any
g ∈ G(Qp)+ and m > e(g).
Proposition 6.2.3. For any automorphic étale sheaf Lξ, we have a natural isomorph-
ism
π∗∞RΨŜ bm,g
Lξ
∼= Lξ ⊠L RΨMbm,gQl
This isomorphism respects the natural Jb(Qp)-actions, Weil descent data, and the
Hecke action of G(Qp)+ on both sides.
Proof. We first deduce the proposition for Lξ = Ql and G
′ = GSpn with hyper-
special level at p, which essentially follows from [Man05, §7, Proposition 21]. To
explain, let us introduce some notation. Recall that Mb
′
is the union of certain
quasi-compact closed formal subschemes Mb
′;r,d, called “truncated Rapoport-Zink
spaces” (cf. [Man05, pp. 590-591]), and for any g ∈ G′(Qp)+ and m > e(g) we let
Mb
′;r,d
m,g ⊂Mb
′
m,g denote the pull back of M
b′;r,d by the natural projection. Note also
that Ig
b′
is the perfection of lim←−r′ Jr′ where Jr′ are certain finite étale covering of
the central leaf. Then π∞ restricted to Ig
b′ × (Mb′;r,dm,g )red factors as
Ig
b′ × (Mb′;r,dm,g )red // //Jperfr′ × (Mb
′;r,d
m,g )
red π //S
b′
m,g
for some large enough r′. Now, [Man05, §7, Proposition 21] shows the following
isomorphism in the derived category of étale sheaves over Jperfr′ × (Mb
′;r,d
m,g )
red:
π∗RΨ
Ŝ bm,g
Ql ∼= Ql ⊠L RΨMb;r,dm,g Ql
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for r′ ≫ 1.12 This implies the desired decomposition of π∗∞RΨŜ bm,gQl when restric-
ted to Ig
b′× (Mb′;r,dm,g )red (by pulling back via Ig
b′ → Jperfr′ ), so we obtain the desired
decomposition by increasing Mb
′;r,d
m,g .
Now, let us handle the case with Lξ = Ql allowing any G. Let g ∈ G(Qp)+
(not just in G′(Qp)+). Let Xb,⋄m,g denote the pull back of X
b′
m,g by Sm,g → S ′m,g.
Then Xbm,g is a closed union of connected components of X
b,⋄
m,g, and π∞ on X
b
m,g
coincides with the restriction of π∞ on Xb
′
m,g. The same statement also holds for
Igb and Mbm,g. Since the formation of formal nearby cycle sheaves commute with
proper base change of formal schemes (such as Ŝ bm,g → Ŝ ′b
′
m,g), we obtain the
following isomorphism in the derived category of étale sheaves over Xb,⋄m,g
π⋄,∗∞ RΨŜ bm,g
Ql ∼= Ql ⊠L RΨMb,⋄m,gQl
where π⋄∞ : X
b,⋄
m,g
∼= Igb,⋄ ×Mb,⋄m,g → Ŝ bm,g restricting π∞ : Xb
′
m,g → Ŝ ′b
′
m,g. Now,
restricting this isomorphism over the formal subscheme Xbm,g ∼= Igb ×Mbm,g, we
obtain the desired isomorphism.
We deduce the general case (for any automorphic étale sheaf Lξ) from the the
case for Lξ = Ql. For this, we briefly recall the definition of Lξ. Fix an l-adic
field K such that ξ descends to an algebraic representation ξ0 : GK → GL(V0). If
Kp = Kl,pKl with Kl,p ⊂ G(Al,pf ) and Kl ⊂ G(Ql), then we consider the pro-Galois
cover
Sm,g,Kl,p := lim←−
K′
l
⊂Kl
Sm,g,K′
l
Kl,p
of Sm,g with Galois group Kl, and define
L0 := V0 ×Kl Sm,g,Kl,p .
Then L0 is a lisse pro-étale sheaf over Sm,g such that Lξ = L0⊗KQl by definition.
Since π commutes with the Hecke action, the pull-back of π∗∞Lξ to X
b
m,g,Kl,p
:=
lim−→K′l⊂Kl X
b
m,g,K′
l
Kl,p
is isomorphic to the constant sheaf V such that the descent
datum is given by ξ|
Kl
: Kl → GL(V ). By the isomorphism (6.1.3) this coincides
with the descent datum for Lξ|Igb ⊠Ql|Mbm,g , thus
π∗∞Lξ
∼= Lξ|Igb ⊠Ql|Mbm,g .
Since Lξ is lisse over Ŝ bm,g, we have RΨŜ bm,gLξ
∼= Lξ|
S¯
⊗LRΨ
Ŝ bm,g
Ql. Altogether
we obtain
π∗∞RΨŜ bm,g
Lξ
∼= π∗∞Lξ ⊗L π∗∞RΨŜ bm,gQl
∼= (Lξ|I¯gb ⊠
L Ql|Mbm,g )⊗
L (Ql|I¯gb ⊠
L RΨMbm,gQl)
∼= Lξ|I¯gb ⊠
L RΨMbm,gQl.

12Although our integral models are the normalisations of the integral models in [Man05], we can
pull back the statement of [Man05, §7, Proposition 21] via the normalisation maps. Indeed, the forma-
tion of the formal nearby cycle sheaves commute with proper base change of formal models; cf. [Ber96,
Corollary 2.3(ii)].
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Proposition 6.2.4. For each m, we have the following natural WE -equivariant iso-
morphism
RΓC(Sbm,Lξ) ∼= RΓc(I¯gb,Lξ)⊗LH
Ql
(Jb(Qp))
RΓC(Mbm,Ql)
∼= RHomJb(Qp)(RΓc(Mbm,Ql),RΓc(I¯g
b
,Lξ))(−d)[−2d],
where d is the dimension ofMb.
Proof. The first isomorphism is straightforward from the Künneth formula (cf. Co-
rollary 5.2.8). To see the second isomorphism, we apply the duality theorem of
Mieda’s (cf. Theorem 1.4.7):
RΓC(Mbm,Ql) ∼= RDJb(Qp)(RΓc(Mbm,Ql))(−d)[−2d].
Since each Hic(Mbm,Ql) is finitely generated as a Jb(Qp)-representation (cf. Re-
mark 1.4.8), the desired isomorphism reduces to Lemma 1.5.4 using the Cartan-
Eilenberg spectral sequence (cf. [Wei94, Proposition 5.7.6] and its cohomological
analogue).

Definition 6.2.5. For ρ ∈ RepJb(Qp)(Ql), we define the following element of the
Grothendieck group of smooth G(Qp)×WE -representations over Ql
Mantb,µ(ρ) :=
2d∑
i=0
(−1)i lim−→
m
Ext−2d+iJb(Qp)(RΓc(Mbm,Ql), ρ)(−d)
=
2d∑
i,j=0
(−1)i+j lim−→
m
ExtiJb(Qp)(H
j
c(Mbm,Ql), ρ)(−d),
where d is the dimension of Mb. (Here, the WE -action is induced from the Weil
descent datum on each Mbm, and the smooth G(Qp)-action is given by the Hecke
correspondence on the tower {Mbm}m.)
Let us write
Sh∞ := lim←−
K⊂G(Af )
ShK
I¯g
b
∞ := lim←−
Kp⊂G(Ap
f
)
I¯g
b
Kp .
Note that contrary to Shm the variety Sh∞ considers also deeper level away from p.
Their cohomology is given by
Hic(Sh∞,C ,Lξ) = lim−→
K⊂G(Af )
Hic(ShK,C ,Lξ)
Hic(I¯g
b
∞,Lξ) = lim−→
Kp⊂G(Ap
f
)
Hic(I¯g
b
Kp ,Lξ),
where the former has a smooth action of G(Af )×WE , and the latter has a smooth
action of G(Apf )× Jb(Qp). Note that this definition is equivalent to the one given in
Definition B.1 by Remark B.2(3).
Corollary 6.2.6. The action of G(Qp)+ on HiC(Sb∞,C ,Lξ) naturally extends to a
smooth action of G(Qp), and with respect to this action, we obtain, from Proposi-
tion 6.2.4, an equality in the Grothendieck group of smoothG(Af )×WE-representations
over Ql
2d∑
i=0
(−1)iHiC(Sb∞,C ,Lξ) =
2c∑
j=0
(−1)j Mantb,µ(Hjc(I¯gb∞,Lξ)),
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where d and c are the dimensions of the Shimura variety S and the central leaf C¯b,
respectively. (Recall that I¯gb∞ is the perfection of some pro-étale cover of C¯
b.)
Proof. By taking the direct limit with respect to m of the isomorphism in Proposi-
tion 6.2.4 (with fixed prime-to-p level Kp), we obtain
(6.2.7) lim−→
m
HiC(Sbm,C ,Lξ) = lim−→
m
Ext−2d+iJb(Qp)(RΓc(Mbm,Ql),RΓc(I¯g
b
Kp
,Lξ))(−d),
which is clearly G(Qp)+ × WE -equivariant. But since the action of G(Qp)+ on
the left hand side extends to G(Qp)-action, it follows that G(Qp)+-action on the
right hand side is invertible. Therefore, the action of G(Qp)+ on the right hand
side naturally extends to G(Qp)-action in such a way that the isomorphism (6.2.7)
is G(Qp)-equivariant. (Indeed, note that G(Qp) is generated by G(Qp)+ and its
inverse, as G(Qp) is generated by G(Qp)+ and pZ.)
Note that the right hand side of (6.2.7) is equal to
∑
j(−1)jMantb,µ(Hjc(I¯gKp ,Lξ))
in the Grothendieck group of smooth representations of Jb(Qp)×WE . Now, the co-
rollary follows from taking the direct limit of (6.2.7) with respect to Kp ⊂ G(Apf ).

We need the following additional axiom for the integral models {Sm} for our
main result (Corollary 6.2.10):
Axiom B. For each m, we assume that the following naturalWE -equivariant map
(6.2.8) HiC(Sm,Lξ) ∼= Hic(S¯m,RΨLξ)→ Hic(Shm,Lξ)
is an isomorphism. In particular, we have a natural isomorphism
HiC(S∞,Lξ) ∼−→ Hic(Sh∞,Lξ)
respecting the natural action ofWE × G(Apf )×G(Qp)+.
Remark 6.2.9. The verification of Axiom B essentially boils down to the existence
of “nice compactifications” for Sm for any m. (See [LS18a, Proposition 2.2] and
[LS18b, Proposition 2.4] for the properties of compactifications sufficient to ensure
the natural map (6.2.8) to be an isomorphism.)
In more practical terms Axiom B holds for {Sm} if the Shimura datum (G,X)
satisfies one of the following:
(1) The associated Shimura variety ShK(G,X) is proper for any K ⊂ G(Af ).
(2) There exists a PEL datum giving rise to (G,X). Here, we do not assume
that G ⊗ Qp is unramified, and we allow the associated Shimura varieties
to be non-compact.
To deduce Axiom B in the first case, recall that if Sh is proper then Sm is also
proper for any m; indeed, the main result of [MP12] implies that S is proper, and
Sm is finite over S . Therefore, the map 6.2.8) is an isomorphism by the nearby
cycles spectral sequence for proper schemes over a complete discrete valuation ring.
If (G,X) is of PEL type, then Sm satisfies the assumption (Nm) in [LS18a, As-
sumption 2.1]. Therefore it was proved in [LS18a, Corollary 5.20] that the map
(6.2.8) is an isomorphism so Axiom B holds in the second case.
From the recent progress in arithmetic compactification of Shimura varieties (cf.
[MP12]), it seems possible to be able to show that the normal flat integral models
Sm have “nice compactifications” for any m so that Axiom B holds (at least for the
“tamely ramified Hodge-type case”).
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Corollary 6.2.10. Assume that in addition to Axiom A, Axiom B also holds true.
Then the following equality holds in the Grothendieck group of smooth (G(Af )×WE)-
representations over Ql:∑
i
(−1)iHic(Sh∞,C ,Lξ) =
∑
b∈B(G,{µ})
∑
j
(−1)j Mantb,µ(Hjc(I¯gb∞,Lξ)),
whereB(G, {µ}) ⊂ B(G) is the set of neutral acceptable σ-conjugacy class with respect
to the geometric conjugacy class of µ : Gm → GQp associated to the Shimura datum,
and the G(Apf )-action on the righ hand side is given by the Hecke G(A
p
f )-action on the
Igusa towers {I¯gb
Kp
}.
Proof. By excision sequence of compact support cohomology on S¯m and Propos-
ition 1.2.13, we have the following equality in the Grothendieck group of WE-
representations over Ql:∑
i
(−1)iHiC(Sm,Lξ) =
∑
i
(−1)iHic(S¯m,RΨLξ)
=
∑
b∈B(G,{µ})
∑
i
(−1)iHic(S¯ bm,RΨLξ) =
∑
b∈B(G,{µ})
∑
i
(−1)iHiC(Sbm,Lξ).
Now, by taking the direct limit with respect to m and Kp ⊂ G(Apf ), we ob-
tain the following equalities in the Grothendieck group of smooth (G(Af ) ×WE)-
representations over Ql:∑
i
(−1)iHic(Sh∞,Lξ) =
∑
i
(−1)iHiC(S∞,Lξ)
=
∑
b∈B(G,{µ})
∑
i
(−1)iHiC(Sb∞,Lξ) =
∑
b∈B(G,{µ})
Mantb,µ(RΓc(I¯g
b
∞,Lξ)),
where the first equality follows from Axiom B and the last equality follows from
Corollary 6.2.6. 
Let us write
(6.2.11) Hjc(Mb∞,C ,Ql) := lim−→
m
Hjc(Mbm,C ,Ql),
which is a smooth representation of G(Qp)× Jb(Qp)×WE over Ql.
We end this section by rewriting the functors Mantb,µ(ρ) directly in terms of the
cohomology of Rapoport-Zink spaces with infinite level. The immediate obstacle is
that the natural G(Qp)-action on Ext
i
Jb(Qp)
(Hjc(Mb∞,C ,Ql), ρ) is not smooth in gen-
eral. We fix this issue by working with “smoothened extensions” E i(•, •) introduced
in Definition 1.5.2 with G = G(Qp) and J = Jb(Qp).
By Proposition 1.5.3, Ej(Hj′c (Mb∞,C ,Ql), ρ) is theQl-submodule ofG(Qp)-smooth
elements in ExtjJb(Qp)(H
j′
c (Mb∞,C ,Ql), ρ).
Corollary 6.2.12. For any ρ ∈ Rep
Ql
(J), we have the following equality in the
Grothendieck groups of smooth G(Qp)×WE -representations over Ql:
Mantb,µ(ρ) =
∑
j,j′
(−1)j+j′Ej(Hj′c (Mb∞,C ,Ql), ρ)(−d).
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Finally, for the Shimura varieties considered in Corollary 6.2.10, we have the following
equality in the Grothendieck groups of smooth G(Af )×WE-representations over Ql:∑
i
(−1)iHic(Sh∞,C ,Lξ)
=
∑
b∈B(G,{µ})
j,j′,j′′
(−1)j+j′+j′′Ej(Hj′c (Mb∞,C ,Ql),Hj
′′
c (I¯g
b
∞,Lξ))(−d).
APPENDIX A. HOMOMORPHISMS OF CONSTANT F -CRYSTALS
In order to show that the Igusa variety associated to a Barsotti-Tate group (X, (tα))
is a flat closed subvariety of the Igusa variety associated to X, we will need the pro-
position below. To improve readability, we use the following notation. For any
profinite set S and topological ring R, we denote
RS := Mapcont(S,R).
Unless stated explicitly otherwise, we will assume that R is equipped with the dis-
crete topology.
Proposition A.1. LetM1,M2 be F -crystals over an algebraically closed field k. Denote
H = Hom(M1,M2) with the p-adic topology. We denote by the same symbol the
associated k-ring scheme SpecC∞(H, k), which may also be descibed via the functor
of points H(S) = Hπ0(S). Then H represents the functor
(PerfSchk)→ (Set)
S 7→ Hom(M1,S ,M2,S)
Proof. The proof is identical to the proof of [RR96, Lemma 3.9], except for the last
sentence. Here Rapoport and Richartz use W (R)σQ = Qp, i.e. require SpecR to
be connected. The same argument still works for us if we replace it by W (R)σQ =
Q
π0(SpecR)
p (w.r.t. the p-adic topology), which is proven in Lemma A.2 and Lemma A.3
below. 
For any Fq-algebra R we have a canonical embedding F
π0(SpecR)
q →֒ R given as
follows. For any f ∈ Fπ0(SpecR)q consider the clopen sets Uf,x ⊂ SpecR given by the
preimage of x ∈ Fq w.r.t. the composition SpecR → π0(SpecR) f→ Fq. Then there
exists a unique idempotent ef,x ∈ R such that Uf,x = D(ef,x). We define the image
of f in R to be
∑
x∈Fq
x · ef,x.
Lemma A.2. For any Fq-algebra R one has {r ∈ R | rq = r} = Fπ0(SpecR)q .
Proof. The inclusion “⊇” is obvious. Thus let r ∈ R with rq − r = 0. Then SpecR =∐
x∈Fq
V (r − x), thus r defines an locally constant function
ϕ : SpecR→ Fq
p 7→ r mod p.
Let f ∈ Fπ0(SpecR)q be the corresponding element. Then r − f is nilpotent, say
(r − f)qn = 0. Now
r − f = rqn − f qn = (r − f)qn = 0.

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Lemma A.3. Let R be a perfect ring of characteristic p and S be a profinite set. We
have
W (RS) = W (R)S
where we consider the p-adic topology on W (R).
Proof. Recall thatW (R) is uniquely characterised by the property that it is torsion-
free, p-adically complete such that W (R)/p = R. As a direct consequence we
obtain that for any directed system (Rλ) of perfect rings W (lim−→Rλ) is the p-adic
completion of lim−→W (Rλ). Now let S = lim←−Sλ with Sλ finite. We obtain
W (RS) =W (lim−→ R
Sλ)
= (lim−→ W (R
Sλ))∧ p−ad
= (lim−→ W (R)
Sλ)∧ p−ad
= Maploc. const.(S,W (R))
∧ p−ad
=W (R)S .

APPENDIX B. THE KÜNNETH FORMULA FOR PROÉTALE TORSORS
The cohomology of compact support is normally only defined for schemes of
finite type. We define it for a slightly larger class of schemes, as we also want to
calculate it for pro-étale torsors over varieties.
Definition/Lemma B.1. Let f : P → S be a morphism of schemes where S is
noetherian and f factorises as P
g−→ X h−→ S where h is locally of finite type and
g is integral. We define the derived pushforward with compact support for étale
sheaves on P by
Rf! := Rh! ◦Rg∗
This definition does not depend on the choice of factorisation above.
Proof. Let P
g−→ X h−→ S and P g
′
−→ X ′ h
′
−→ S be two factorisations as above. If g′
factorises as P
g−→ X g
′′
−→ X ′, then g′′ is finite and thus
Rh′! ◦ Rg′∗ = Rh′! ◦ Rg′′∗ ◦ Rg∗ = Rh′! ◦ Rg′′! ◦ Rg∗ = Rh! ◦Rg∗
In general, since
Rh! = lim−→
U⊂X qc open
RhU !
where hU is the composition of the open embedding U →֒ X with h, we may
assume that h and h′ are of finite type. Writing P = lim←−Xλ, where Xλ is finite over
X , we see that g′ factors over some Xλ since X ′ is of finite presentation over S.
Replacing X by Xλ, we are in the situation discussed above. 
In the case where S = Spec k, we may simply write RΓc(X,−) instead of Rf!
and Hic(X,−) instead of Rif!.
Remark B.2. For special cases of f , the definition of Rf! simplifies.
(1) If f : X → S = Spec k is locally of finite type, then this definition of RΓc(X,−)
coincides with Definition 1.1.2.
(2) If X is proper, Rf! = Rf∗.
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(3) Writing P = lim←−Xλ with Xλ
gλ−→ X finite, assume that the sheaf L over the
étale site of P is defined as the pullback of a sheaf Lλ over the étale site of
Xλ. By [Sta, 09YQ] we have Rf!L = lim−→Rfλ,!Lλ where fλ = h◦ gλ. Thus the
usual adhoc definition of cohomology with compact support for infinite level
Shimura varieties coincides with the definition above.
We fix a locally profinite group J with a compact open pro-p-subgroup K0 and
denote by dh the Haar measure such that dh(K0) = 1. From now on we assume that
f : P → X is a proétale J -torsor and thatL is a smooth J -equivariant abelian sheaf
on P such that p is invertible in L . The J -action defines an effective descent datum
on L ; let LX denote the corresponding sheaf on X . One obtains the following
explicit description of the stalks of R0f!L .
Lemma B.3. Let x¯ be a geometric point of X .
(1) At any geometric point x¯ of X , the stalk of R0f!L at x¯ is canonically isomorphic
to C∞c (f
−1(x¯),LX,x¯). Moreover, we have a canonical J -action on f!L which is
given on stalks by the natural J -action on C∞c (f
−1(x¯),LX,x¯).
(2) There exists a (noncanonical) morphism
∫
f : R
0f!L → LX , which is given on
stalks by
C∞c (f
−1(x¯),LX,x¯)→ LX,x¯, ϕ 7→
∫
f−1(x¯)
ϕdh.
In particular,
∫
f is J -equivariant and the definition only depends on the choice of
dh.
Proof. For a compact open subgroup K denote XK := P/K and let P
gK−−→ XK fK−−→
X be the canonical factorisation of f and LK := f∗KLX the descent of L to XK .
For K ⊂ K0 let gK,K0 : XK → XK0 be the canonical projection. Then
gK0 ∗L = lim−→
K
gK,K0 ∗LK = lim−→
K
gK,K0 ∗g
∗
K,K0LK0 .
Since K0/K is finite, the morphism gK,K0 finite étale. Thus gK,K0 ∗ = gK,K0 ! is the
left adjoint of g∗K,K0 . Hence the stalk at a geometric point y ∈ XK0 equals (see e.g.
[Sta, Tag 0710])
(gK0 ∗L )y¯ = lim−→
K
(gK,K0 ∗g
∗
K,K0LK0)y¯ = lim−→
K
⊕
g−1
K,K0
(y¯)
LK0,y¯ = C
∞
c (g
−1
K0
(y¯),LK0,y¯).
Since J/K0 is discrete, fK0 is étale; thus by the same argument as above
(fK0 !gK0 ∗L )x¯ =
⊕
y¯∈f−1
K0
(x¯)
(gK0 ∗L )y¯ = C
∞
c (f
−1(x¯),LX,x¯).
Since f! is functorial, the J -action on L induces an J -action on f!L . Tracing
through the definitions, one easily checks that the action of J on (f!L )x¯ = C∞c (f
−1(x¯),LX,x¯)
is indeed the canonical action induced by the J -action of f−1(x¯).
The morphism
∫
f
is defined as follows. Let τK/K0 :=
1
[K0:K]
· Tr: gK,K0 ∗LK →
LK0 . On stalks, this morphism is given by⊕
z¯∈g−1
K,K0
(y¯)
LK0,y¯ → LK0,y¯, (fz¯) 7→
1
[K0 : K]
·
∑
z¯∈g−1
K,K0
(y¯)
fz¯,
i.e. taking the average. Hence τ := lim−→ τK,K0 : gK0 ∗L → LK0 is given on stalks by
taking the integral
∫
K0
dh. We define
∫
f as the concatination
R0f!L
fK0 !(τ)−−−−−→ fK0 !LK0 Tr−→ LX .
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By the above calculation it indeed coincides with the integral over f−1(x¯) on stalks.

Corollary B.4. R0f!L satisfies property (P) of [Man04, Def. 5.3], i.e. (R0f!L )x¯ ∼=
c-IndJ1 LX,x¯.
In this article, we will consider sheaves which have alongside the J = Jb(Qp)-
action an action of the Weil group W = WE of the p-adic completion of the
Shimura field. We remark that the above construction still works if we considerW -
equivariant sheaves for some profinite group W acting on the underlying schemes.
For simplicity we assume that L is a (W -equivariant) sheaf of Z/lrZ-modules for
a prime l 6= p. Let Hr = C∞c (Jb(Qp),Z/lrZ) and denote by Λ the module Z/lrZ as
trivial Hr-representation.
The following statements are a formal consequence of Corollary B.4, and prop-
erties of RΓc (cf. [Neu16, § 7.2][Man04, § 5.3])
Proposition B.5 (cf. [Neu16, Prop. 7.2.2], [Man04, Thm. 5.11]). RΓc(X, f!LX) =
Λ⊗LHr RΓc(P,L )
Theorem B.6 (cf. [Neu16, Thm. 7.2.3], [Man04, Thm. 5.13]). Assume that we may
write P = P1×P2 where P1 and P2 are J -equivariant and locally of finite presentation
up to Galois cover and assume that
L = E1 ⊠ E2
where Ei is a smooth J -equivariant Z/lrZ-sheaf on Pi with continuous W -action.
Then
RΓc(X,LX) = RΓc(P1, E1)⊗LHr RΓc(P2, E2)
In particular, in the case where all the sheaves are constant étale sheaves associ-
ated to Z/lrZ, we obtain the following result.
Corollary B.7 (cf. [Neu16, Cor. 7.2.5], [Man04, Thm. 5.14]). We have a spectral
sequence
Ep,q2 =
⊕
s+t=q
TorpHr(H
s(P1,Z/l
rZ), Ht(P2,Z/l
rZ))⇒ Hp+q(X,Z/lrZ).
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